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Abstract
We construct an MSSM with three generations from the heterotic string compactified on a smooth
6D internal manifold using Abelian gauge fluxes only. The compactification space is obtained as a
resolution of the T 6/Z2 × Z2 × Z2,free orbifold. The Z2,free involution of such a resolution breaks the
SU(5) GUT group down to the SM gauge group using a suitably chosen (freely acting) Wilson line.
Surprisingly, the spectrum on a given resolution is larger than the one on the corresponding orbifold
taking into account the branching and Higgsing due to the blow-up modes. The existence of extra
resolution states is closely related to the fact that the resolution procedure is not unique. Rather, the
various resolutions are connected to each other by flop transitions.
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1 Introduction
One of the central objectives of string phenomenology is to obtain the Standard Model (SM) or its
minimal supersymmetric extension (MSSM) from a consistent string construction. In the context
of the heterotic string this requires compactification of six extra dimensions on a Calabi-Yau (CY)
space [1], or on some singular limit thereof (e.g. on an orbifold [2, 3]). In the case of a CY manifold
a stable gauge bundle [4, 5] has to be constructed, breaking the E8×E8 gauge group1 to some unified
gauge group like SU(5), and a suitable four dimensional chiral spectrum has to be obtained [6,7]. The
unified gauge group can subsequently be broken to the SM group by the embedding of a freely acting
CY involution into the gauge degrees of freedom [8–10]. The gauge bundle stability and the existence
of a suitable involution on a given CY are highly non-trivial requirements [11], and therefore only a
few MSSM-like models have been built up to now in this way, see e.g. [12, 13].
A major limitation of a smooth CY construction comes from the fact that the quantization of
the heterotic string on this compactification space is essentially out of reach, as this requires the
ability of quantizing an interacting conformal field theory (CFT) with an explicitly known CY metric.
Therefore, one is forced to consider a supergravity (SUGRA) truncation of the full string theory where
some of the stringy effects are encoded in α′ corrections to the SUGRA Lagrangian. Moreover, even
the SUGRA field equations lead to back-reactions that introduce a non-trivial background for the
antisymmetric field driving the geometry away from being CY [14].
The complete string dynamics is fully computable only at very special points of enhanced sym-
metries where an exact CFT description is known. Orbifolds [2, 3] are one of the most commonly
considered examples of this, because they still allow for a straightforward geometrical interpretation.
(Other examples are Gepner models [15–18] and free fermionic constructions [19, 20].) Being exact
CFTs the consequences of stringy consistency conditions, most notably modular invariance, can be
worked out and solved. The full string spectra and, in particular, the ones of the low energy effective
theory in four dimensions can be determined systematically [21–23]. Recently, phenomenologically
guided search strategies combined with computer assisted searches have resulted in a large class of
MSSM-like models [24–27].
Even though orbifolds provide a fully consistent approach to heterotic string phenomenology, one
should be aware that they only correspond to very special (non-generic) points in moduli space. To see
the bigger picture around (and far from) an orbifold point, the singular geometry should be deformed
to a smooth space, the so-called resolution or blow-up. In particular, when the orbifold theory provides
a so-called Fayet-Iliopoulos (FI) D-term, this is essentially unavoidable, because at least some fields
1The equally interesting possibility offered by the SO(32) heterotic string will be neglected in the present paper.
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in the effective theory need to acquire non-vanishing vacuum expectation values (VEVs) to cancel the
FI D-term leading to a (partial) blow-up. For the reasons mentioned above, this suggests that one
should pass from the CFT description to the SUGRA approximation of string theory. In addition,
in this way one might have more control on moduli stabilization issues in orbifold inspired models.
Reversely, a SUGRA construction would greatly benefit from having an exact CFT description in
some specific moduli limit: For example, one can clarify the full string consistency of the construction
and in principle can have access to the complete (i.e. not only massless) spectrum and the interactions
of the theory. Therefore, it is clear that having control on a model both from a CFT and a SUGRA
perspective would greatly improve both pictures.
In most MSSM-like orbifold models the GUT group is broken locally by the embedding of the
orbifold action into the gauge degrees of freedom. The result is that in full blow-up, where a SUGRA
description applies, the GUT group is broken by gauge fluxes inducing an anomalous hypercharge [28].
This does not necessarily spoil the nice phenomenological properties of the orbifold models studied
in [24–27], because an FI D-term does not enforce a full blow-up of all singularities. As long as those
singularities on which only SM charged states live are not resolved, the hypercharge remains non-
anomalous and hence unbroken. However, such models can clearly not be considered from a purely
SUGRA perspective.
Model building on a resolved orbifold with an involution
With this in mind we are ready to state the main objectives of the present paper. We would like to
obtain MSSM-like models from the heterotic string in the SUGRA regime which allow for an exact
orbifold CFT description at a specific point in moduli space. In order to avoid having an anomalous
and hence broken hypercharge the GUT breaking of SU(5) to the SM gauge group should not be
achieved by some gauge flux on the resolution, but rather by the embedding of some geometrical,
freely acting involution into the gauge degrees of freedom, as mentioned above. Moreover, since the
breaking is delocalized in the internal space, the scale of GUT breaking is set by the compactification
moduli, and thus is decoupled from the string scale. This alleviates the known hierarchy problem
between the Planck and the GUT symmetry breaking scale in orbifold models, see [29] and [30, 31].
For this reason we choose to study the resolved T 6/Z2×Z2 geometry, which is equipped with such an
Z2,free involution [32]. In this paper we show that this involution can be maintained in the blow-up.
Concretely, we investigate resolutions of an orbifold CFT model with an MSSM-like spectrum, similar
to the one introduced recently in [33], see also [34].
The fact that we have an underlying exact CFT orbifold description has some important conse-
quences. First of all we can investigate the extra truly “stringy” consistency requirements on the
Wilson line associated with the involution [33]. This means that, contrary to conventional CY model
building, we are guaranteed that the SUGRA construction also lifts to full string theory. In addition,
we can make use of the well-developed classification machinery for heterotic orbifolds to systematically
search for viable models and determine their spectra and interactions.
As the construction of stable bundles is a major obstacle in heterotic SUGRA model building, we
are primarily concerned with Abelian gauge fluxes in this paper. The requirement of bundle stability
simplifies considerably for purely Abelian bundles, because they do not contain subsheaves. Hence,
the stability condition boils down to the condition of vanishing D-terms for the U(1)’s along which the
line bundles are embedded in the E8×E8 algebra [35,36]. These D-term cancellations require specific
relations between the volumes of the divisors on which the gauge fluxes are wrapped. Alternatively,
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additional charged fields may take non-vanishing VEVs and deform the Abelian bundle to a non-
Abelian one.2 Flux quantization and the integrated Bianchi identities furnish stringent consistency
requirements on the Abelian gauge fluxes resulting in relations between the Abelian gauge fluxes on
the resolution and the gauge shifts and Wilson lines on the orbifold. Using these relations we obtain
novel MSSM models on CY manifolds that are resolved orbifolds.
The identification of the Abelian gauge fluxes with the embedding of the orbifold action into the
gauge degrees of freedom (i.e. with shifts and Wilson lines) is a particular example of a matching of
properties between orbifolds and their resolutions. In table 1 we give an overview of various matching
pairs which we have been able to investigate to a certain level. However, an exact matching of
CFT and SUGRA models is complicated. One reason is that the T 6/Z2×Z2 singularities admit many
topologically inequivalent resolutions, so that there is a huge number of corresponding smooth CY’s for
a given orbifold, i.e. of the order ∼ 1033, due to the choice of triangulation at each Z2×Z2 singularity.
Also on the orbifold side there seems to be some level of arbitrariness, as models characterized by
gauge shifts and Wilson lines that differ only by lattice vectors can nevertheless result in models with
different chiral spectra [38] (which can be reformulated by introducing generalized discrete torsion).
Due to this we have to leave some of the details of the identification of matching pairs to future work.
Paper overview
The paper is organized as follows: In section 2 we discuss the geometry of the T 6/Z2×Z2 orbifold and
of its resolutions, and investigate the consequences of modding out the Z2,free involution. In particular
we describe the resolutions as hypersurfaces of particular toric varieties. Section 3 reviews the general
properties of SUGRA compactifications on resolved orbifolds with line bundles and explains how the
chiral spectra can be computed in these cases. The various results are illustrated with examples of
resolutions with the same choice of triangulation at all 64 Z2 × Z2 singularities. In section 4 we
describe the matching between orbifold and resolution models. In particular we show that the input
data of smooth line bundle models and the one of heterotic orbifold CFTs are identical up to lattice
vectors. Furthermore, we illustrate the surprising but generic result that the massless chiral spectra
on resolutions can be larger than the ones obtained from the orbifold CFT. Section 5 contains the
main results of this work where we give an explicit example of a MSSM-like resolution model. The
conclusions of this work can be found in section 6.
The appendices provide further background information and more technical results. In particular,
in appendix A we review how one can use the Weierstrass function to describe the torus as an elliptic
curve. Appendix B provides a different perspective on the resolution of the T 6/Z2 × Z2 × Z2,free
orbifold, namely that it can be obtained as the resolution of a non-factorizable Z2 × Z2 orbifold.
Using this it is shown that the spectrum on a resolution of T 6/Z2 × Z2 × Z2,free is effectively the
one on the corresponding resolution of T 6/Z2 × Z2 divided by two. Appendix C shows that the 48
vectors that characterize the embedding of line bundles in the E8×E8 gauge group are determined in
terms of only eight independent ones (two shifts and six Wilson lines), up to lattice vectors. Finally,
in appendix D we describe the partition function of Z2 × Z2 orbifold models that admit a Z2,free
involution and derive a novel modular invariance condition on the Z2,free associated Wilson line. In
addition, we argue that the T 6/Z2×Z2×Z2,free orbifold CFT has additional twisted winding modes.
2In addition these VEVs could have great relevance in the generation of hierarchically suppressed Yukawa couplings
[37]: The Yukawa couplings forbidden by a U(1) symmetry could still be present but suppressed when this symmetry is
anomalous.
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Orbifold Resolution Reference
Gauge embedding of space group
(shifts and Wilson lines)
⇔ flux quantization condition subsection 4.1,
appendix C
Shifted (gauge) momentum Psh
of blow-up mode
⇔ local U(1) gauge background
Vk,ρσ
subsection 4.2
Mass-equation for massless blow-
up mode
⇒ Bianchi identity ref. [28]
P 2sh =
3
2
4∑
ρ,σ=1
V 2k,ρσ = 24
(Abelian) D-flatness ≈ Donaldson-Uhlenbeck-Yau equa-
tions: vol(Er)Vr = ξ1L
subsection 3.4
Vacuum Expectation Value
(VEV) of blow-up mode
⇔ Ka¨hler modulus br ref. [39]
Gauge group after VEVs ⇔ Abelian gauge flux commutant
(including anomalous U(1)’s) (including anomalous U(1)’s)
Twisted matter spectrum after
field redefinition
≈ Matter from E8×E8 gauginos subsection 4.3,
ref. [39]
speculative
Ratio of VEVs at intersection of
three fixed tori
?⇔ Triangulation of the Z2×Z2 sin-
gularity
subsection 4.2
F-flatness F = 0
?⇔ Bianchi identity + triangulation
Table 1: This table gives an overview of various properties of orbifolds and their resolutions that
can be matched in detail. The bottom part of the table gives identifications which are of speculative
nature at present and require further investigations.
2 The resolved orbifold
In this section we lay the foundation of the present paper by giving a general introduction to the
toroidal orbifold T 6/Z2 × Z2 geometry [2, 3]. Furthermore, we describe the resolution procedure
that smoothens out the singularities of the orbifold space: we cut out the singularities and glue
smooth hypersurfaces (divisors) into the orbifold instead, yielding a smooth manifold. The idea is
schematically illustrated in figure 1. Many details of the resolution procedure have already been
worked out in [28, 40–45], so we only briefly recall the specific elements needed for the discussion of
the resolution of T 6/Z2×Z2. To give further motivation for these methods we recall that this orbifold
allows for a concrete description using the representation of two-tori as elliptic curves, as e.g. used
in [46].
The essential tool to investigate the local resolutions is toric geometry, see [47]. A basic math-
ematical background is provided in [48, 49]. First we explain how to resolve local fixed points of
non-compact C3/Z2 × Z2 orbifolds. After that we explain how we can make use of the description
of two-tori as elliptic curves to combine the local information we gained at each Z2 × Z2 fixed point
to obtain a resolved compact orbifold using linear equivalence relations. With this at hand, we cal-
culate the intersection numbers of the divisors, Hodge numbers and Chern classes of the resolution.
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Figure 1: Outline of the blow-up procedure. The orbifold singularities (red) are cut out and replaced
by smooth manifolds (green).
By introducing the Ka¨hler form also the volumes of the resolution and of its hypersurfaces can be
determined.
We complete this section by introducing a freely-acting Z2,free involution on the T
6/Z2×Z2 orbifold,
which under certain conditions also descends to the resolution.
2.1 The T 6/Z2 × Z2 orbifold
The T 6/Z2×Z2 orbifold can be introduced in the following steps: First, we generate a six-dimensional
torus T 6 := C3/Γfac by choosing a (factorizable) lattice Γfac that is spanned by six orthonormal basis
vectors ep, p = 1, . . . 6, i.e.
Γfac =
{ 6∑
p=1
npep, n
p ∈ Z
}
. (1)
In particular we assume that the torus factorizes as T 6 = T 2 ⊗ T 2 ⊗ T 2. A fundamental domain can
be chosen as
T 6 =
{ 6∑
p=1
xp ep, 0 ≤ xp < 1
}
. (2)
The complex coordinate zi = x2i−1 + ix2i ∈ C of the i-th two-torus has periodicities coming from the
lattice identifications. Next, we define the discrete symmetry group Z2×Z2 ≡ {1 , θ1, θ2, θ3}, including
the identity element and the “twist” elements θ1, θ2 and θ3 = θ1θ2, with the action
θi : (z1, z2, z3) 7→ (e2pii(ϕi)1 z1, e2pii(ϕi)2 z2, e2pii(ϕi)3 z3) , (3)
with
ϕ1 =
(
0,
1
2
,−1
2
)
, ϕ2 =
(
−1
2
, 0,
1
2
)
, and ϕ3 = ϕ1 + ϕ2 =
(
−1
2
,
1
2
, 0
)
. (4)
The Z2 ×Z2 action fulfills the CY condition ensuring N = 1 supersymmetry in four dimensions. The
orbifold T 6/Z2 × Z2 is obtained by dividing out the Z2 × Z2 point group from the torus T 6.
Orbifolds are singular spaces with singularities at the fixed points of the orbifold action. To analyze
these singularities it is convenient to define space group elements g = (θ, l) as combinations of rotations
θ ∈ {1 , θ1, θ2, θ3} and lattice translations l ∈ Γfac. In this approach, the orbifold is defined as C3 with
equivalence relations z ∼ gz for all g. In more detail, a space group element g acts on z ∈ C3 as
gz = (θ, l)z := θ z + l . (5)
This orbifold action has (singular) fixed sets zf = gzf for non-trivial rotations θ 6= 1 . As the action
of θi leaves the i-th coordinate invariant while acting non-freely on the other two coordinates, the
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orbifold singularities of θi are fixed tori. The combinations of indices (β, γ), (α, γ) and (α, β) (with
α, β, γ = 1, . . . , 4) denote the locations of the fixed tori in the (z2, z3), (z1, z3) and (z1, z2) complex
planes associated to the orbifold elements θ1, θ2 and θ3, respectively. In table 2 we indicate the fixed
tori structure of the Z2 × Z2 orbifold on the covering space T 6 by specifying the lattice shifts
θ1 : l1,βγ = n
p
1,βγep , θ2 : l2,αγ = n
p
2,αγep , θ3 : l3,αβ = n
p
3,αβep , (6)
that bring the fixed tori back to themselves after the associated θi rotation, e.g. θ1zf + l1,βγ = zf .
Note that two fixed tori of different twists intersect at points in the orbifold. There are 64 of such
intersection points within the orbifold, called Z2 × Z2 fixed points and labeled by (α, β, γ). Even
though these Z2 × Z2 fixed points do not correspond to any single space group element, they play a
crucial role in the resolution process.
The volumes of the orbifold and its hypersurfaces can be determined straightforwardly from
those of the underlying torus. We denote the four-cycle obtained by setting one complex coordi-
nate zi of the orbifold equal to a fixed value ci by Ri, i.e. on the covering space T
6 it is given by
Ri = {zi = ci} ∪ {zi = −ci} due to the Z2 × Z2 action. Consequently, RiRj with j 6= i defines a two
dimensional real hypersurface within the orbifold, i.e. the union of four hypersurfaces in the covering
space T 6. For simplicity we fix the complex structure of T 6 such that it factorizes in three square
two-tori with radii ri. The volumes of the orbifold and its hypersurfaces are equal to those of the
underlying torus divided by the order of the orbifold group, taking into account that on the covering
space Ri consists of two disjoint connected parts:
vol(RiRj) = r
2
k , vol(Ri) =
1
2
r2j r
2
k , vol(T
6/Z2 × Z2) = 1
4
r21r
2
2r
2
3 , (7)
where i 6= j 6= k. For example vol(R1R2) = r23 because in the covering space both R1 and R2 consists
of two parts that get mapped to each other under the orbifold action, but the whole third torus
remains.
2.2 The T 6/Z2 × Z2 × Z2,free orbifold
The T 6/Z2 × Z2 orbifold admits a freely-acting involution Z2,free, generated by the translation
τ =
1
2
(e2 + e4 + e6) , (8)
over half a lattice vector in all three imaginary directions simultaneously. Since 2τ = e2+e4+e6 ∈ Γfac,
τ has order 2. As this is a symmetry of the T 6/Z2 × Z2 orbifold, we may divide it out. In addition,
there are no new fixed points corresponding to the new element τ or a combination of τ and the other
space group elements, i.e. τ acts freely. Instead, the 48 fixed tori of the T 6/Z2 × Z2 orbifold are
identified pairwise resulting in 24 fixed tori in the T 6/Z2×Z2×Z2,free case. Comparing to table 2, we
can choose them to correspond to the 8+8+8 = 24 torus shifts l1,βγ (with β = 1, 3 and γ = 1, . . . , 4),
l2,αγ (with α = 1, 3 and γ = 1, . . . , 4) and l3,αβ (with α = 1, 3 and β = 1, . . . , 4).
2.3 Local resolution of the non-compact C3/Z2 × Z2 orbifold
We now focus on the resolution of a single C3/Z2 × Z2 singularity. In the resolution process one
identifies two kinds of two-dimensional complex hypersurfaces: ordinary divisors Di, that are also
7
θ1-sector:
torus shifts l1,βγ in the θ1-sector
❍
❍
❍
❍
❍❍
β
γ
1 2 3 4
1 0 e6 e5 e5 + e6
2 e4 e4 + e6 e4 + e5 e4 + e5 + e6
3 e3 e3 + e6 e3 + e5 e3 + e5 + e6
4 e3 + e4 e3 + e4 + e6 e3 + e4 + e5 e3 + e4 + e5 + e6
θ2-sector:
torus shifts l2,αγ in the θ2-sector
❍
❍
❍
❍
❍❍
α
γ
1 2 3 4
1 0 e6 e5 e5 + e6
2 e2 e2 + e6 e2 + e5 e2 + e5 + e6
3 e1 e1 + e6 e1 + e5 e1 + e5 + e6
4 e1 + e2 e1 + e2 + e6 e1 + e2 + e5 e1 + e2 + e5 + e6
θ3-sector:
torus shifts l3,αβ in the θ1θ2-sector
❍
❍
❍
❍
❍❍
α
β
1 2 3 4
1 0 e4 e3 e3 + e4
2 e2 e2 + e4 e2 + e3 e2 + e3 + e4
3 e1 e1 + e4 e1 + e3 e1 + e3 + e4
4 e1 + e2 e1 + e2 + e4 e1 + e2 + e3 e1 + e2 + e3 + e4
Table 2: This table gives the fixed points of the three sectors, θ1, θ2 and θ3, and the corresponding
torus shifts l1,βγ , l2,αγ and l3,αβ, respectively, see equation (6).
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present on the orbifold, and exceptional divisors Ej, that hide inside the singularity. In the following
we will discuss how these divisors arise and how their intersection properties can be read off from the
toric diagram.
Starting from the non-compact Z2 × Z2 orbifold with coordinates z = (z1, z2, z3) ∈ C3 of the
covering space, one can define new, so-called local, coordinates (u1, u2, u3) that are invariant under
the orbifold action (3). We choose
(u1, u2, u3) = (z
2
1 , z
2
2 , z
2
3) . (9)
For each coordinate zi one associates a three-dimensional vector vi that specifies these local coordinates
in the following way: The j-th component (vi)j of the vector vi is given by the exponent of zi for the
local coordinate uj = z
(v1)j
1 z
(v2)j
2 z
(v3)j
3 , i.e.
v1 =

 20
0

 , v2 =

 02
0

 , v3 =

 00
2

 . (10)
Next, we define ordinary divisors by Di := {zi = 0} and associate the vector vi to the divisor Di.
To construct the resolution of C3/Z2 ×Z2 we need to include additional complex coordinates xk,
k = 1, 2, 3, together with three C∗ := C− {0} actions
(z1, z2, z3, x1, x2, x3) ∼ (λ1λ3z1, λ1λ2z2, λ2λ3z3, λ−22 x1, λ−23 x2, λ−21 x3) , (11)
for λi ∈ C∗, i = 1, 2, 3. Starting from the homogeneous coordinates (z1, z2, z3, x1, x2, x3) ∈ C6
and imposing three C∗ actions one obtains a complex three-dimensional toric variety – the resolved
C
3/Z2×Z2 orbifold. At xk 6= 0, one can use the C∗ actions λ1 = ±√x3, λ2 = ±√x1 and λ3 = ±√x2
to set the additional coordinates xk to 1, i.e. (z1, z2, z3, 1, 1, 1). Due to the possible choice of ±1 in
these C∗ actions, a residual Z2 × Z2 action remains. Hence, for xk 6= 0 the resolution looks like the
original C3/Z2 × Z2 orbifold. We define exceptional divisors Ek := {xk = 0} which are hiding inside
the orbifold singularity. As these divisors are smooth spaces, the C3/Z2 × Z2 singularity has been
resolved. Each divisor Ek is associated to a vector wk that is calculated according to
wk = (ϕ˜k)
j vj , (12)
where (ϕ˜i)
j = (ϕi)
j mod 1, such that 0 ≤ (ϕ˜i)j < 1, with ϕi given in (4). This ensures that the
vectors (vi; wi), i = 1, 2, 3, are orthogonal to the scalings defined in (11). This gives
w1 =

 01
1

 , w2 =

 10
1

 , w3 =

 11
0

 (13)
for the choice (10), e.g. for (v1; w1), and for λ1-scaling we have (2, 0, 0; 0, 1, 1) · (1, 1, 0; 0, 0,−2) = 0.
Having specified the ordinary and exceptional divisors, Di and Ek, the toric diagram is characterized
by the associated vectors vi and wk. The solutions (10) and (13) are chosen such that all vectors vi
and wk lie within a single plane. This ensures that the CY condition is fulfilled. As a consequence,
one can draw the projection of the toric diagram in two dimensions, see figure 2 for a schematic
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(a) Diagrams for triangulation “E1”. (b) Diagrams for triangulation “E2”.
(c) Diagrams for triangulation “E3”. (d) Diagrams for triangulation “S”.
Figure 2: The toric diagrams and their dual web graphs for the four triangulation possibilities of a
C
3/Z2 ×Z2 fixed point are depicted.
illustration. Similar to the singular orbifold case, the vectors vi and wk specify how one can obtain
local coordinates on the resolutions out of the homogeneous coordinates
uj =
∏
i,k
z
(vi)j
i x
(wk)j
k , (14)
which, with the choice (10), reduces to
u1 = z
2
1x2x3 , u2 = z
2
2x1x3 , and u3 = z
2
3x1x2 . (15)
The three independent C∗-scalings under which the homogeneous coordinates zi and xk transform are
chosen such that the local coordinates uj are invariant, cf. equation (11). As the local coordinates ui
are C∗-invariant, i.e. trivial line bundle sections, one infers the following linear equivalences between
the ordinary and exceptional divisors [41]
0 ∼ 2D1 + E2 + E3 , 0 ∼ 2D2 + E1 + E3 , 0 ∼ 2D3 +E1 + E2 . (16)
These equivalence relations encode part of the topological properties of the toric variety.
The other crucial part in the specification of the topology of a resolution is provided by the set
of intersection numbers. The intersection numbers of the divisors are fixed by triangulating the toric
diagram, which is done by introducing lines between all divisors such that no lines cross each other
and that no additional line that does not cross another line can be added. Note that in the language
of toric geometry, the triangulation specifies the so-called exclusion set, necessary for the C∗ actions
to be free of fixed sets and thus the toric variety to be non-singular. For the Z2×Z2 singularity this
procedure is ambiguous: There are four independent triangulations of the toric diagram, i.e. there are
four distinct ways of drawing these lines. The corresponding four projected toric diagrams and the
dual graphs are given in figure 2.
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(a) Triangulation “E1”. (b) Triangulation “E2”. (c) Triangulation “E3”. (d) Triangulation “S”.
Figure 3: The auxiliary polyhedra for the four possible triangulations of a local C3/Z2×Z2 singularity.
2.3.1 Auxiliary polyhedra
A resolved singularity is locally described as a non-compact toric variety. This implies that intersec-
tions can be trusted only when they are between compact subspaces. It is possible to build a compact
toric variety that includes the resolution of a single Z2 × Z2 singularity. This compactification is by
itself not unique because it depends on the boundary conditions chosen at infinity and is therefore not
determined by the local singularity alone. In what follows we present a choice of boundary conditions
so as to match those of the globally resolved T 6/Z2 × Z2 space defined below. This ensures that in
the new space all (self-)intersection numbers are not only available, but that they also match those
obtained for the global resolved T 6/Z2×Z2 space. We want to stress that the variety obtained in this
way is compact but it is not a Calabi-Yau space, since it is not the resolution of the global T 6/Z2×Z2
space, hence, we use this “auxiliary”, non-Calabi-Yau toric variety as a convenient tool to compute
the intersection numbers of the resolved T 6/Z2 × Z2 space.
The toric diagram of the variety is usually called “auxiliary polyhedron” and is obtained based
on the key idea of promoting the local and homogeneous coordinates ui and zi to be coordinates of
a weighted projective space. The scalings defining such a space encode, as mentioned above, all the
informations concerning the boundary conditions at infinity, i.e. both the way in which the orbifold
group acts on C3 and the way how T 6 is built out of C3. In the specific case at hand (Z2×Z2 orbifold
of a factorizable T 6) we have
(ui, zi) ∼ (µiui, µ1/2i zi) , (17)
where µi ∈ C∗ for i = 1, 2, 3. Given this, the new variety includes a new set of divisors Ri := {ui = 0}.
These divisors are strictly speaking not the same as those defined on the compact orbifold in section 2.1
or the ones on the global resolution defined below 2.4. However, as mentioned above their intersection
numbers with the local divisors Di and Ei are identical. (For this reason we allow ourselves this slight
abuse of notation.)
To find the linear equivalence relations that govern the divisors Di, Ei and Ri, we note that the
combinations z21x2x3/u1, z
2
2x3x1/u2, and z
2
3x1x2/u3 are invariant under the scaling (11) and (17).
Consequently, the local linear relations in the non-compact case (16) are promoted to linear relations
R1 ∼ 2D1 + E2 +E3 , R2 ∼ 2D2 + E3 + E1 , R3 ∼ 2D3 + E1 + E2 (18)
of the compactification of the resolved local C3/Z2 × Z2 singularity. The toric diagram of the new
variety is given by extending the diagram of the resolved C3/Z2 × Z2 singularity to include the
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(a) Triangulation “E1”. (b) Triangulation “E2”. (c) Triangulation “E3”. (d) Triangulation “S”.
Figure 4: The unprojected dual toric graphs for the four possible local triangulations.
new divisors. The position of the latter is encoded in three si vectors defined such that they are
perpendicular to the charges of the C∗ scalings, namely si + vi/2 = 0, so that
s1 =

 −10
0

 , s2 =

 0−1
0

 , s3 =

 00
−1

 . (19)
In Fig. 3 we visualize the diagrams dropping the origin and the lines connecting with it. We give four
diagrams reflecting the triangulation dependence of the resolution.
2.3.2 Visualization of flop transitions
The four different triangulations are related to each other via so-called flop transitions. The triangula-
tion “Ei” can be obtained from the triangulation “S” by the flop that exchanges the curve EjEk with
the curve DiEi (i 6= j 6= k), see e.g. figure 2. From these pictures one can infer that for the transition
from triangulation “Ei” to “Ej” (j 6= i) two flop transitions are required: First triangulation “Ei” is
converted to “S”, which is after that transformed into triangulation “Ej”.
In order to visualize such flop transitions and to show that there is a continuous underlying process
linking the different triangulations, we introduce the unprojected dual toric or web graphs. They are
a pictorial simplification of the diagrams that are the duals of the auxiliary polyhedra, making the
visualization of the latter easier. Their construction can be sketched as follows: We associate the three
real coordinate planes with the three divisors Ri. The ordinary divisors Di are represented by planes
placed parallel to the coordinate planes at distances ai > 0. This results in a cuboid. The planes that
correspond to the exceptional divisors are defined by the equations
Ek : (ϕk)
1x+ (ϕk)
2y + (ϕk)
3z = (ϕk)
1a1 + (ϕk)
2a2 + (ϕk)
3a3 − bk . (20)
All planes are cut off at the lines where they intersect. The pictures in figure 4 give the graphs for the
Z2 × Z2 resolutions.
One can change from one triangulation to another by continuously adjusting the distance param-
eters ai and bk. In other words, this provides means to describe flop transitions, which appear to
be discrete in the toric diagrams, via smooth variations of continuous parameters. For example, if
one moves the plane associated to E1 in figure 4a away from the z-axis by making b1 small, then
ultimately the picture changes over into that of figure 4d. This indicates that even though the differ-
ent triangulations are topologically distinct, as they differ by their intersection numbers, they are in
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fact continuously related to each other from a possible stringy CFT description point of view [50,51].
Moreover, it is also possible to link the continuous parameters introduced here to the Ka¨hler moduli of
the resolved space, linking flops to specific (continuous) choices of the metric properties of the resolved
space (see section 2.4.5 for details.)
2.4 Compact T 6/Z2 × Z2 resolutions
In this subsection we describe some properties of compact resolutions of the orbifold T 6/Z2×Z2. First,
we show how to obtain Res(T 6/Z2 × Z2) as an intersection of hypersurfaces in a toric variety. Then
we discuss the properties of the divisors of the resolved space, and finally we discuss the intersection
numbers among the divisors.
2.4.1 Res(T 6/Z2 × Z2) as an intersection of hypersurfaces in a toric variety
Following [46] we may describe the orbifold T 6/Z2×Z2 as a hypersurface in the O(2, 2, 2) bundle over
(CP1)3. This description goes as follows:
First we describe each torus as an elliptic curve. Denote the homogeneous coordinates of the three
CP
1 by Ui = (ui, vi) and let yi be the three fiber coordinates in the O(2) bundles over each of these
CP
1’s. The C∗-scalings of each of the CP1’s then read
Ui → µi Ui , yi → µ2i yi , (21)
with µi ∈ C∗. As explained in the appendix A each elliptic curve defines a two-torus, described by
the equation
y2i = Pi(Ui) , (22)
where each Pi(Ui) is a homogeneous polynomial of degree four in ui, vi. A homogeneous polynomial
of degree four is characterized by five complex numbers. However, their overall complex scales can be
absorbed in y and by SL(2,C) transformations three additional complex parameters can be removed.
Hence each Pi characterizes a single complex number ρ, the complex structure of the i-th two-torus.
For simplicity we have fixed these three complex structures to be equal to ρ in this paper. In appendix
A we show that we can give an explicit form of these polynomials,
Pi(Ui) = 4
4∏
α=1
Nα · Ui , (23)
where the Nα are vectors given by N1 = (0, 1), N2 = (1,−ε2), N3 = (1,−ε1) and N4 = (1,−ε3).
The points Nα on the elliptic curve correspond to the four Z2-fixed points on the torus T
2 under the
action zi → −zi on the torus coordinates. Parameterizing the elliptic curve using the Weierstrass
function and its derivative given in (A.2) of appendix A we infer that the homogeneous coordinates
Ui = (ui, vi) and yi transform under this Z2 action as
Ui → Ui , yi → −yi . (24)
We are not interested in an alternative description of (T 2)3 as the product of three elliptic curves;
rather, we would like to find an algebraic description of the orbifold T 6/Z2 × Z2. To this end we
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observe that under the orbifold elements θi one has yj → −yj, for j 6= i. Consequently, the section
y = y1y2y3 of the O(2, 2, 2) bundle over (CP1)3 is Z2 × Z2 invariant. Hence if we want to describe
the orbifold T 6/Z2 × Z2 rather than T 6, we need to multiply the three equations (22) to obtain an
equation in terms of the Z2 × Z2-invariant coordinate y only
y2 =
∏
i
Pi(Ui) , (25)
In this description two combinations of the three Z2’s that act on each of the elliptic curves (i.e. tori)
separately have been modded out. The remaining diagonal Z2 (zi → −zi) is realized as y → −y.
The C3/Z2 × Z2 singularities are located at the positions where all three polynomials Pi vanish
simultaneously. Near such a singularity we have the following description. For concreteness take the
Z2 × Z2 singularity at (0, 0, 0). Consider the coordinate patch where all vi 6= 0, hence by the C∗-
scalings we can set them all equal to unity. Expanding equation (25) in this patch around (0, 0, 0)
gives
y2 ≃ u1u2u3 , (26)
where ≃ denotes equal up to a complex factor. This equation can be solved by (15) and
y ≃ z1z2z3 x1x2x3 (27)
by some local coordinates zi, xi for the neighborhood of the resolved singularity. As in the local
description above, the additional coordinates x1, x2, x3 come again at the expense of three additional
C
∗-scalings.
In order to obtain a similar description for all 64 Z2 × Z2 fixed points simultaneously we write
Nα · U1 = z21,α
∏
γ
x2,αγ
∏
β
x3,αβ , Nβ · U2 = z22,β
∏
γ
x1,βγ
∏
α
x3,αβ , (28a)
Nγ · U3 = z23,γ
∏
β
x1,βγ
∏
α
x2,αγ , y ≃
∏
i,ρ
zi,ρ
∏
i,ρσ
xi,ρσ , (28b)
where the indices indicate to which Z2 singularity each coordinate corresponds, analogous to equa-
tion (6).
Therefore, we have in total 3 · 2 + 1 + 3 · 4 + 3 · 42 = 67 local coordinates ui, vi, y, zi,ρ and xi,ρσ
with 3 · 4 + 1 = 13 constraints encoded in the equations (28). This means that the space has complex
dimension 67 − 13 = 54 rather than 3. To reduce to 3 dimensions, one consequently must be able to
identify 51 C∗-scalings. Three of them correspond to the C∗-scalings defining the CP1’s in (21). Since
the left hand sides of the first three equations in (28) transform under these scalings, also the right
hand sides have to transform, resulting in a transformation of some of the local singularity coordinates
under these three scalings. The unique choice for this is
zi,ρ → µ1/2i zi,ρ , (29)
up to mixing with the other C∗-scalings that act on the xr’s as well.
A basis for all the 51 C∗-scalings is defined by the charges given in table 3 via
t : Z → λ(t)Z , λ(t) = et·Q , (30)
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ui vi z1,α z2,β z3,γ xi,ρσ
Qi′ δi′i δi′i
1
2 δi′1
1
2 δi′2
1
2 δi′3 0
Qi′,ρ′σ′ 0 0
1
2 (δi′2 + δi′3) δρ′α
1
2 (δi′1 δρ′β + δi′3 δσ′β)
1
2 (δi′1 + δi′2) δσ′γ −δi′i δρ′ρ δσ′σ
Table 3: This table summarizes the charges of the 66 homogeneous coordinates of the resolution which
define how the 51 C∗-scalings act.
where we collectively denote the coordinates by Z = (ui, vi, zi,ρ, xi,ρσ) and scaling parameters by
t = (ti, ti,ρσ) ∈ (C∗)51. These scalings encode the linear equivalence relations we are discussing in
the next subsection. In the description here we have resolved the 48 C2/Z2 singularities, while the
complex structure has not been deformed. As we are not considering torsion effects in this paper, this
is sufficient for our purposes.
2.4.2 Divisors, linear equivalence relations
The divisors of the resolution of the orbifold T 6/Z2 × Z2 correspond to the four-cycles obtained by
setting one complex coordinate equal to zero. In detail, the local resolutions of the 48 fixed tori and 64
Z2×Z2 singularities give rise to 12 ordinary divisors D1,α := {z1,α=0}, D2,β := {z2,β=0}, andD3,γ :=
{z3,γ=0}. In addition we obtain 48 exceptional divisors E1,βγ := {x1,βγ=0}, E2,αγ := {x2,αγ=0}, and
E3,αβ := {x3,αβ =0}. The global structure of the orbifold resolution is characterized by six inherited
divisors Ri := {ui=0} and R′i := {vi=0}. Finally, R0 := {y=0} is redundant: The coordinate y that
was used to parameterize the singularity (25) has been replaced by the local singularity coordinates
zκ and xr. Hence, we may disregard R0 in the rest of the discussion. To shorten the notation, we refer
to the three types of divisors as Er,Dκ and Rω and to all of them collectively as Su.
Not all of these divisors define independent four-cycles because of various linear equivalence re-
lations among them. These linear equivalences can be read off from (28) and extend the linear
equivalences (16) to
2D1,α ∼ R1 −
∑
γ
E2,αγ −
∑
β
E3,αβ , 2D2,β ∼ R2 −
∑
γ
E1,βγ −
∑
α
E3,αβ , (31a)
2D3,γ ∼ R3 −
∑
β
E1,βγ −
∑
α
E2,αγ , R
′
i ∼ Ri . (31b)
These relations tell us that the inherited divisors Ri and R
′
i are all linearly dependent. In addition
every ordinary divisor Di,ρ can be expressed through a linear combination of inherited and exceptional
ones. Consequently the Ri and Er provide via the Poincare´ duality a basis of the real cohomology
group, i.e. the (1, 1)-forms, on the resolved manifold. The additional divisors R′i and Dκ are crucial to
obtain an integral cohomology basis. The identification of the divisors and their linear equivalences
constitutes the first step of the gluing procedure.
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❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
Int(S1S2S3)
Triangulation
“E1” “E2” “E3” “S”
E1,βγE2,αγE3,αβ 0 0 0 1
E1,βγE
2
2,αγ , E1,βγE
2
3,αβ −2 0 0 −1
E2,αγE
2
1,βγ , E2,αγE
2
3,αβ 0 −2 0 −1
E3,αβE
2
1,βγ , E3,αβE
2
2,αγ 0 0 −2 −1
E31,βγ 0 8 8 4
E32,αγ 8 0 8 4
E33,αβ 8 8 0 4
R1R2R3 2
R1E
2
1,βγ , R2E
2
2,αγ , R3E
2
3,αβ −2
Table 4: The upper part gives the intersection numbers when using the same triangulation at all 64
fixed points. The lower part gives the triangulation-independent intersection numbers.
2.4.3 Intersection numbers and triangulation dependence
The second step in the gluing procedure is the computation of the (self-)intersection numbers of the
divisors of the resolution. In this process one needs to combine the global intersections of the inherited
divisors with the local intersection properties of divisors of the local resolutions.
A method to perform this task is by employing the auxiliary polyhedra [41] that combine local
and global intersection data. The reason why this method works, i.e. that the auxiliary polyhe-
dra constructed in subsection 2.3.1 are compatible with the global structure of the resolution of the
T 6/Z2 × Z2 orbifold, is that the compactification of the resolved C3/Z2 × Z2 singularity defined by
the auxiliary polyhedra have the appropriate boundary conditions at infinity. The technical way to
see this is by noting that the scalings of ui and zi,ρ defined in equations (21) and (29) of subsection
2.4 are identical to the C∗-scalings for ui and zi defined in (17) of the auxiliary polyhedra. One con-
venient consequence of this is that all intersections of Di,ρ, Ej,στ and Rk at the resolution of a given
Z2×Z2-fixed point introduced in subsection 2.4.2 can simply be read off from the auxiliary polyhedra
by making the identification between them and the divisors Di, Ej and Rk defined in subsection 2.3.1
for the auxiliary polyhedra.
Because of the triangulation ambiguity of a local C3/Z2 × Z2 resolution there are four auxiliary
polyhedra depicted in figure 3. Hence to completely define a resolution of the orbifold T 6/Z2×Z2 one
has to specify the local triangulation of all 64 Z2×Z2 singularities. Given such a choice of triangulations
the intersection numbers are computed straightforwardly: All triple non-self-intersections can be read
off from the auxiliary polyhedra as one of their fundamental cones; all other non-self-intersections
vanish. Self-intersections can subsequently be computed via the linear equivalence relations (31). We
have resorted to a computer code as for a given choice of triangulation there are of the order of hundred
thousand (self-)intersection numbers to be computed.
The triangulation dependence is a major complication since all intersection numbers and hence
many topological quantities of physical interest, such as the Bianchi identities and the chiral spectrum,
depend on it. In table 4 we give a complete overview of all not always vanishing intersection numbers
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involving the divisors Ri and Er provided that the same triangulation is used at all Z2 × Z2 fixed
points. Since the Ri and Er form a basis in the real cohomology, all the other intersection numbers
can be deduced from the given ones using the linear equivalence relations (31). The intersections that
involve an inherited divisor Ri are universal, while the other intersections depend strongly on the
chosen triangulation.
To understand just how big the triangulation dependence is, we estimate the number of different
resolutions of the Z2 × Z2 orbifold. The upper bound is given by 4 triangulation possibilities at 64
fixed points, which yields 464 ≈ 3.40 · 1038 inequivalent triangulations. However, due to the symmetry
underlying the orbifold, this number is reduced [28]. An accurate approximation of the number of
independent triangulations is given by
464
3!4!3
≈ 4.10 · 1033 . (32)
Here the factor 3! comes from permutations of the three two-tori and the factor 4!3 results from
permutations of the fixed points within each two-torus.
2.4.4 Hodge numbers and Chern classes
From the compact linear equivalences and the intersection numbers, we can compute the topological
invariants for the blown-up T 6/Z2×Z2 (resolved) manifold, starting with the Hodge numbers. As the
Ri and Er form a basis for H
1,1, we find h1,1 = 3 + 48 = 51. We define the (1, 0)-forms dz1, dz2 and
dz3. As they are not invariant by themselves, h
1,0 = 0. In this notation the Ri can be represented as
dz¯i ∧ dzi. In addition we can build the invariant (3, 0) holomorphic volume form dz1 ∧ dz2 ∧ dz3 from
these. Invariant (2, 1)-forms are dz1 ∧ dz2 ∧ dz3, dz1 ∧ dz2 ∧ dz3, and dz1 ∧ dz2 ∧ dz3, so h2,1 = 3.
There are no further contributions from the twisted sector because we only have fixed lines with fixed
points on them [41]. Hence the Hodge numbers are given by
h3,3 1
h3,2 h2,3 0 0
h3,1 h2,2 h1,3 0 3 + 48 0
h3,0 h2,1 h1,2 h0,3 = 1 3 3 1 ,
h2,0 h1,1 h0,2 0 3 + 48 0
h1,0 h0,1 0 0
h0,0 1
(33)
which has the CY structure and agrees with [41]. From this we compute the Euler number
χ(X) = 2(1 + 51− (1 + 3)) = 96 . (34)
The total Chern class c(X) of the resolution is determined by an expansion of the complex 66
dimensional classifying space of the resolution in terms of divisors:
c(X) =
∏
u
(1 + (−)uSu) =
12∏
κ=1
(1 +Dκ)
48∏
r=1
(1 + Er)
3∏
r=1
(1−Ri)(1−R′i) . (35)
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The inherited divisors come with a minus sign as their coordinates are on the opposite side of the
defining equations (28). Expanding (35) yields
c1(X) =
12∑
κ=1
Dκ +
48∑
r=1
Er −
3∑
i=1
Ri −
3∑
i=1
R′i , (36a)
c2(X) =
1
2!
∑
u
(c1(X) − Su)Su , (36b)
c3(X) =
1
3!
∑
u,v
(c1(X) − Su − Sv)SuSv , (36c)
Inserting the linear equivalences (31) in (36a) shows that our resolution space is CY, i.e. c1(X) = 0.
The Euler number (34) can also be computed from the third Chern class (36c) by inserting the
intersection numbers. The contributions containing an inherited divisor are triangulation independent
and hence universal. One can easily count that they sum up to −160. The remaining part consists of
all possible intersection numbers of three distinct ordinary and exceptional divisors. These intersection
numbers are equal to one if the three divisors span a fundamental triangle on the front face of the
relevant auxiliary polyhedra and zero otherwise. Together with the fact that in each triangulation
there are exactly four fundamental triangles in each of the 64 auxiliary polyhedra, we obtain c3(X) =
64 · 4− 160 = 96 in agreement with the Euler number computation in (34).
2.4.5 Volumes and the Ka¨hler form
After these purely topological quantities, we turn to geometrical properties. The volumes on the
resolution space are determined by the Ka¨hler form
J = aiRi − brEr , (37)
expanded in terms of the untwisted and twisted Ka¨hler moduli ai and br, respectively. The signs
have been chosen such that a geometrical description applies when all ai’s and br’s are positive. The
volumes of curves C, divisors S, and the whole manifold X read
vol(C) :=
∫
C
J , vol(S) :=
1
2!
∫
S
J ∧ J , vol(X) := 1
3!
∫
X
J ∧ J ∧ J . (38)
Using these definitions, the volumes of curves, divisors and the whole resolution space can be computed
given the complete intersection ring of the divisors. In tables 5 and 6 we give the volumes of the
curves, the divisors and the resolution manifold as a whole manifold using triangulations “E1” and
“S” everywhere, respectively. (The volumes for triangulations “E2” or “E3” can be obtained by cyclic
permutations of the indices 1,2,3 from the results for triangulation “E1” of table 5.)
Even though the expressions for the volumes depend strongly on the chosen triangulation, some
general patterns can be observed. There is a consistency requirement that the volumes of the existing
curves and divisors in a given triangulation need to be all positive. This puts stringent and complicated
requirements on the Ka¨hler moduli ai and br. Taking the Ka¨hler moduli ai parametrically larger than
the br, ensures that the volumes of many curves, divisors and the whole manifold is positive. In
particular in the geometrical blow-down limit in which all br tend to zero, one finds
vol(RiRj) = 2 ak , vol(Ri) = 2 ajak , vol(T
6/Z2 × Z2) = 2 a1a2a3 , (39)
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Volumes within triangulation “E1”
Curves
E1,βγE2,αγ 2b2,αγ D1,αE1,βγ b1,βγ − b2,αγ − b3,αβ
E1,βγE3,αβ 2b3,αβ D1,αE2,αγ a2 + 4b2,αγ −
∑
β
b1,βγ
E2,αγE3,αβ 0 D1,αE3,αβ a3 + 4b3,αβ −
∑
γ
b1,βγ
D2,βE1,βγ a1 −
∑
α
b3,αβ D3,γE1,βγ a1 −
∑
α
b2,αγ
D2,βE2,αγ 0 D3,γE2,αγ a2 −
∑
β
b1,βγ
D2,βE3,αβ a3 −
∑
γ
b1,βγ D3,γE3,αβ 0
RiEi,ρσ 2bi,ρσ RiRj 2ak (i 6= j 6= k)
RiDj,ρ ak −
∑
σ
bi,ρσ (i 6= j 6= k)
Divisors
E1,βγ a1b1,βγ −
∑
α
{
b22,αγ + b
2
3,αβ
}
E3,βγ a3b3,βγ +
∑
α
{
b23,βγ − b3,βγb1,αγ
}
E2,βγ a2b2,βγ +
∑
α
{
b22,βγ − b2,βγb1,αγ
}
Ri 2ajak −
∑
ρ,σ
b2i,ρσ (i 6= j 6= k)
D1,α a2a3 −
∑
γ
a2b2,αγ −
∑
β
a3b3,αβ +
∑
β,γ
{
b1,βγ (b2,αγ + b3,αβ)− 12
(
b21,βγ + b
2
2,αγ + b
2
3,αβ
)}
D2,β a1a3 −
∑
γ
a1b1,βγ −
∑
α
a3b3,αβ +
∑
α,γ
b1,βγb3,αβ
D3,γ a2a3 −
∑
α
a2b2,αγ −
∑
β
a1b1,βγ +
∑
α,β
b1,βγb2,αγ
Full manifold
X 2a1a2a3 −
∑
β,γ
a1b
2
1,βγ −
∑
α,γ
a2b
2
2,αγ −
∑
α,β
a3b
2
3,αβ
+
∑
α,β,γ
{
b1,βγ
(
b22,αγ + b
2
3,αβ
)
− 13
(
b32,αγ + b
3
3,αβ
)}
Table 5: Volume of the curves, the divisors and the whole manifold when using the triangulation “E1”
at all Z2 × Z2 orbifold fixed points.
with i 6= j 6= k, in any triangulation because the intersections of the inherited divisors Ri are universal.
These expressions are compatible with the volumes computed directly on the orbifold, see (7), with the
identification ai = r
2
i /2. The volumes generically decrease in the blow-up process. In particular the
total space has the structure of a “swiss-cheese”: As one increases the values of the Ka¨hler parameters
bi,ρσ the total volume in fact becomes smaller.
The requirement of positivity for all volumes puts restrictions on the moduli space. First, we
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observe that in each triangulation the Ka¨hler moduli ai and br must be positive. In triangulation “E1”,
positivity of the curve E1D1 implies that b1 > b2+b3 and we get analogous relations for triangulations
“E2” and “E3”. On the other hand, in the symmetric triangulation we find the restriction bi < bj + bk
for all i 6= j 6= k 6= i. It is easy to see that we can take the separate Ka¨hler moduli spaces of the
four triangulations and glue them together at the surfaces given by bi = bj + bk, thus obtaining one
enhanced moduli space in which the triangulation is determined by the relations between the moduli.
In this sense, the different triangulations can be seen as different phases of one theory with smooth flop
transitions between them as was already observed in [50]. Geometrically, going e.g. from triangulation
“E1” to triangulation “S” is done by shrinking the curve E1D1 to zero and then growing the curve
E2E3 instead.
2.5 The free Z2,free involution on Res(T
6/Z2 × Z2)
In this subsection we briefly comment on the consequences of modding out the freely acting Z2,free
involution on the resolution of T 6/Z2×Z2; a more detailed and complete account of this can be found
in appendix B. In particular we show that the resulting geometry can be obtained equivalently as a
Z2 × Z2 orbifold of the non-factorizable lattice SU(4) × SU(2)3, cf. [52, 53]. The Z2,free action on the
orbifold lifts to the resolution as well, provided that the Z2,free is compatible with the triangulation.
The description of the T 6/Z2×Z2 orbifold resolution (25) involves the vectors Nα that parameterize
the four Z2 fixed points of the tori on the elliptic curves. The τ action on these vectors is given in
equations (A.14) of appendix A. In order that the equations (28), which define the local homogeneous
resolution coordinates (zi,σ and xj,ρσ), are invariant, they have to transform as
xi,11 ↔ xi,22 , xi,12 ↔ xi,21 , xi,13 ↔ xi,24 , xi,14 ↔ xi,23 , (40a)
xi,31 ↔ xi,42 , xi,32 ↔ xi,41 , xi,33 ↔ xi,44 , xi,34 ↔ xi,43 , (40b)
zi,1 7→ zi,2 , zi,2 7→
√
(ε1 − ε2)(ε3 − ε2) zi,1 , zi,3 7→
√
ε2 − ε1 zi,4 , zi,4 7→
√
ε2 − ε3 zi,3 , (40c)
y 7→ −(ε1 − ε2)3(ε3 − ε2)3 y . (40d)
Hence, as expected, for the exceptional divisors the mapping under Z2,free is the same as the
mapping of the fixed points. On the resolution the τ2 acts as the identity only after C∗ scalings in
each of the three tori by µi = (ε1 − ε2)(ε3 − ε2), see below (A.12) in appendix A.
From equations (40) we infer that the resolution of T 6/Z2×Z2 orbifold only admits a corresponding
freely acting Z2,free involution provided that the triangulations of 32 Z2 × Z2 fixed points and their
32 images under the Z2,free are pairwise equal. This reduces the number of triangulations to
432
3!(83/2)
≈ 1.20 · 1016 . (41)
The factor 83/2 comes about as follows: Remember the factors 4! in (32) came from the permutations in
the indices α, β, and γ. But there are permutations which transform a Z2,free symmetric triangulation
into a non symmetric one. The action of τ on the indices in permutation cycle language is (12)(34).
Now only those permutations are allowed that commute with τ . They form a subgroup D4 ⊂ S4
which is generated by (1324) and (12). Since |D4| = 8 the number of inequivalent Z2,free symmetric
permutations of all three indices equal 83/2.
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Volumes within triangulation “S”
Curves
E1,βγE2,αγ b1,βγ + b2,αγ − b3,αβ D1,αE1,βγ 0
E1,βγE3,αβ b1,βγ − b2,αγ + b3,αβ D1,αE2,αγ a2 −
∑
β
b3,αβ
E2,αγE3,αβ −b1,βγ + b2,αγ + b3,αβ D1,αE3,αβ a3 −
∑
γ
b2,αγ
D2,βE1,βγ a3 −
∑
α
b3,αβ D3,γE1,βγ a1 −
∑
α
b2,αγ
D2,βE2,αγ 0 D3,γE2,αγ a2 −
∑
β
b1,βγ
D2,βE3,αβ a3 −
∑
γ
b1,βγ D3,γE3,αβ 0
RiEi,ρσ 2bi,ρσ RiRj 2ak (i 6= j 6= k)
RiDj,ρ ak −
∑
σ
bi,ρσ (i 6= j 6= k)
Divisors
E1,βγ 2a1b1,βγ +
∑
α
{
b2,αγb3,αβ +
1
2
(
b21,βγ − b22,αγ − b23,αβ
)
− b1,βγ (b2,αγ + b3,αβ)
}
E2,αγ 2a2b2,αγ +
∑
β
{
b1,βγb3,αβ +
1
2
(
b22,αγ − b21,βγ − b23,αβ
)
− b2,αγ (b1,βγ + b3,αβ)
}
E3,αβ 2a3b3,αβ +
∑
γ
{
b1,βγb2,αγ +
1
2
(
b23,αβ − b21,βγ − b22,αγ
)
− b3,αβ (b1,βγ + b2,αγ)
}
D1,α a2a3 −
∑
γ
a2b2,αγ −
∑
β
a3b3,αβ +
∑
β,γ
b2,αγb3,αβ
D2,β a1a3 −
∑
γ
a1b1,βγ −
∑
α
a3b3,αβ +
∑
α,γ
b1,βγb3,αβ
D3,γ a2a3 −
∑
α
a2b2,αγ −
∑
β
a1b1,βγ +
∑
α,β
b1,βγb2,αγ
Ri 2ajak −
∑
ρ,σ
b2i,ρσ (i 6= j 6= k)
Full manifold
X 2a1a2a3 −
∑
β,γ
a1b
2
1,βγ −
∑
α,γ
a2b
2
2,αγ −
∑
α,β
a3b
2
3,αβ
+
∑
α,β,γ
{
1
6 (b1,βγ + b2,αγ + b3,αβ)
3 − 2b1,βγb2,αγb3,αβ − 13
(
b31,βγ + b
3
2,αγ + b
3
3,αβ
)}
Table 6: Volume of the curves, the divisors and the whole manifold when using the triangulation “S”
at all Z2 × Z2 orbifold fixed points.
3 Heterotic supergravity on the resolved T 6/Z2 × Z2 orbifold
We consider the compactification of ten dimensional heterotic supergravity on the resolved T 6/Z2×Z2
orbifold discussed in the previous section, in the presence of an Abelian gauge flux. We review
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topological consistency requirements such a compactification needs to fulfill and how the chiral matter
spectrum can be computed. The section is concluded by an investigation of the consequences of the
(loop corrected) Donaldson-Uhlenbeck-Yau equations. The general results are illustrated by explicit
computations of two Z2 × Z2 resolutions using triangulation “E1” and “S”.
3.1 Topological consistency conditions
Compactifications of the heterotic string on CY spaces have to fulfill various consistency requirements.
First of all the Green-Schwarz anomaly cancellation leads to constraints: The field strength H of the
two-form field B is globally defined by
H = dB − α
′
4
(
ω3,YM − ω3,L
)
, (42)
where ω3,YM and ω3,L are the Yang-Mills and Lorentz Chern-Simons three-forms, respectively. Hence
by acting on it with the exterior derivative one obtains a Bianchi identity. Integrating it over any
closed 4-cycle S gives the condition3
0 =
∫
S
dH =
α′
4
∫
S
tr(R2)− tr(F2) . (43)
To lowest order in α′ the compactification geometry has to be a Calabi-Yau space, i.e. a complex
Ka¨hler manifold that is Ricci-flat. Higher order string corrections alters the Ricci-flatness with extra
curvature corrections. Also the requirement of Ka¨hlerianity is generically lost, because the non-
integrated Bianchi identity can be written as
i∂¯∂J =
α′
4
(
tr(R2)− tr(F2)
)
. (44)
Consequently the Ka¨hler form is not closed. The integrated Bianchi identities (43) provide necessary
conditions such that this condition can be solved globally. However, unless one employs the standard
embedding (i.e. setting the gauge connection equal to the spin connection), this equation implies that
the geometry is non-Ka¨hler [14]. As a result the metric and B-field background receive α′ corrections,
see e.g. [54]. In this work we are mainly concerned with topological requirements and therefore we
ignore such corrections.
In this paper we exclusively focus on Abelian gauge backgrounds. Such a gauge flux F has to be
properly quantized on any curve C existing in the geometry
1
2π
∫
C
F = LIHI , (45)
where L ∼= 0, i.e. a vector in the E8×E8 root lattice Λ, and the HI , I = 1, . . . 16 denote the Cartan
generators of E8×E8 . These conditions, one for each independent curve, can be thought of as
compatibility conditions for the gluing of the Abelian gauge bundles, initially defined on the various
local resolutions only, over the whole resolution.
Given a consistent gauge bundle wrapped on a smooth orbifold resolution, we can compute the chi-
ral spectrum by using index theorems. Following [43,45] we start from the gaugino anomaly polynomial
3For convention on traces see [28].
22
in ten dimensions and integrate out the six-dimensional internal space. This procedure corresponds
to a representation dependent extension of the computation of Dirac indices on the resolution X. The
resulting multiplicity operator is given by:
N =
∫
X
{
1
6
( F
2π
)3
− 1
24
tr
(R
2π
)2 F
2π
}
. (46)
As the integral is resolution dependent, so is the multiplicity operator. Due to the fact that X is
compact, N takes only integral values. For each gaugino state of the ten-dimensional E8×E8, the
multiplicity operator gives the number of copies of states in the four dimensional effective theory.
3.2 Line bundles on a resolution
In this paper we only consider Abelian gauge embeddings that disappear in the limit in which all
exceptional divisors Er are shrunk to zero size, i.e. in this limit the gauge flux is only present inside
the singularities. Gauge backgrounds are characterized by their transition functions. On toric varieties
we do not need to give them explicitly as long as we describe how the C∗-scalings act on the gauge
degrees of freedom.
To this end we introduce a holomorphic connection one-form Γr for each of the C
∗-scalings, that
transforms as
Γr(e
trQrZ) = Γr(Z)− ∂tr , (47)
where the charges Qr are defined in table 3. We can associate a field strength Er to this connection
and its conjugate given by
Er =
1
2π
(∂¯Γr − ∂Γ¯r) . (48)
As the notation suggests we identify this field strength with the first Chern class c1(Er) of the divisor
Er. This can be motivated further by giving an explicit representative of the connection Γr (in a
specific gauge)
Γr(Z) =
1
2xr
dxr . (49)
Using that 1/xr is holomorphic on the complex plane up to a singularity at xr = 0, i.e. ∂¯x¯r
1
xr
=
2π δ2(xr, x¯r), we find that Er = δ
2(xr, x¯r) dx¯rdxr. Hence, this field strength forces the complex coor-
dinate xr to 0 as one expects for the divisor Er := {xr = 0} to do so.
Let A = A+ A¯ be a gauge connection splitted in a holomorphic and an anti-holomorphic part. In
the orbifold theory the holomorphic part satisfies the orbifold boundary condition
A(θiz) = e−2piiHrA(z)e2piiHr , Hr = V Ir HI . (50)
Therefore, the V Ir can be thought of as the local orbifold gauge shifts defined up to lattice vectors of
E8×E8 . On the resolution this local orbifold transformation is promoted to a C∗-scaling (30) with
parameter tr of the homogeneous coordinates Z given by
A(Z)→ A(etrQrZ) = gr(tr)−1
(A(Z) + ∂)gr(tr) , gr(tr) = etrHr . (51)
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Flux quantization in triangulation “E1”
E1,βγE2,αγ 2V2,αγ ∼= 0 D1,αE1,βγ V1,βγ − V2,αγ − V3,αβ ∼= 0
E1,βγE3,αβ 2V3,αβ ∼= 0 D1,αE2,αγ 4V2,αγ −
∑
β
V1,βγ ∼= 0
E2,αγE3,αβ 0 D1,αE3,αβ 4V3,αβ −
∑
γ
V1,βγ ∼= 0
D2,βE1,βγ −
∑
α
V3,αβ ∼= 0 D3,γE1,βγ −
∑
α
V2,αγ ∼= 0
D2,βE2,αγ 0 D3,γE2,αγ −
∑
β
V1,βγ ∼= 0
D2,βE3,αβ −
∑
γ
V1,βγ ∼= 0 D3,γE3,αβ 0
RiEi,ρσ 2Vi,ρσ ∼= 0 RiRj 0
RiDj,ρ −
∑
σ
Vi,ρσ ∼= 0 (i 6= j)
Table 7: The flux quantization
∫
C F/(2π) on curves C using triangulation “E1” at all Z2×Z2 orbifold
fixed points.
The matrices V Ir here encode the embedding of the line bundle associated to the exceptional divisors
Er. Note that on the resolution they are no longer just defined up to lattice vectors. This is pure
gauge on the 66 dimensional classifying space, but definitely not pure gauge on the resolution itself.
The connection Γr constructed above can be used as the background A0 in A and hence we expand
it as
A = A0 + B , A0 = ΓrHr , (52)
where the perturbation B(Z) transforms homogeneously under conjugation: B(Z) → B(y, etr QrZ) =
e−tr Hr B(y, Z) etr Hr . The gauge background that combines the gauge fluxes supported at the excep-
tional divisors of the resolved singularities is then given by
F
2π
=
1
2π
(
∂¯A0 − ∂A¯0
)
= Er V
I
r HI . (53)
We conclude our general discussion by returning to the Bianchi identities . The curvature-
dependent part of them is related to the second Chern class c2(X) = −trR2/(8π2). Therefore, we
can use (36b) to express it as a product of all divisors, using that the first Chern class vanishes for a
Calabi-Yau. This allows us to rewrite the Bianchi identities in terms of divisors as
S
[(∑
r
ErVr
)2
−
∑
v
S2v
]
= 0 , (54)
for any 4-cycle S. Because a given CY contains many closed 4-cycles this leads to a large set of
consistency requirements. This means that for a resolution of T 6/Z2 × Z2 orbifold there are 51
independent conditions. When one enforces the resolution to be compatible with the Z2,free action
some of these conditions become dependent and 3+24 = 27 conditions remain.
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3.3 Consistent line bundles and spectra within specific triangulations
As explained in subsection 2.4.3, the dependence of the triple intersection numbers on the specific
triangulation (cf. table 4) represents a serious obstacle to a fully generic bundle construction, since
both the flux quantization conditions (45) and the Bianchi identities (54) are strongly triangulation
dependent. Due to the level of this complication, we only consider resolutions of T 6/Z2×Z2 where the
same triangulation is taken at each Z2×Z2 singularity. Moreover, we only consider the triangulations
“E1” and “S” here, because the triangulations “E1”, “E2” and “E3” are the same up to permutations
of the various labels.
3.3.1 Triangulation “E1”
Conditions on the line bundles. The 360 flux quantization conditions have been summarized in
table 7. The other 3 · 64 + 3 conditions in (45) are trivially fulfilled, as indicated by 0, because the
curves E2,αγE3,αβ , D2,βE2,αγ and D3,γE3,αβ do not exist in triangulation “E1” and the three curves
RiRj(i 6= j) never intersect any exceptional divisor. The quantization conditions on the curves RiEi,ρσ
tell us that the bundle vectors are half lattice vectors. The other conditions then become various sum
rules for the bundle vectors.
Carrying out the integration over the three Ri and the 48 Er the Bianchi identities (54) read:
4∑
β,γ=1
V 21,βγ =
4∑
α,γ=1
V 22,αγ =
4∑
α,β=1
V 23,αβ = 24 , (55a)
4∑
α=1
(V 22,αγ + V
2
3,αβ) = 12 , β, γ ∈ {1, . . . 4} , (55b)
2V 22,αγ − V2,αγ ·
4∑
β=1
V1,βγ = 2 , α, γ ∈ {1, . . . 4} , (55c)
2V 23,αβ − V3,αβ ·
4∑
γ=1
V1,βγ = 2 , α, β ∈ {1, . . . 4} . (55d)
The three equations listed in (55a) result from integration over the three inherited divisors and corre-
spond to the Bianchi identities on a K3. The 3·16 equations (55b) - (55d) come from integrating over
E1,βγ , E2,αγ , and E3,αβ respectively. In this case, we end up with 51 equations for 48 vectors, each
with 16 unknowns, so altogether there are 768 unknowns.
Spectra computation. Using triangulation “E1” at all Z2 × Z2 fixed points we find that the
multiplicity operator (46) takes the explicit form
N“E1” =
4∑
β,γ=1
H1,βγ − 1
3
[ 4∑
α,γ=1
(H2,αγ − 4H32,αγ) +
4∑
α,β=1
(H3,αβ − 4H33,αβ)
]
−
4∑
α,β,γ=1
H1,βγ(H
2
2,αγ +H
2
3,αβ) . (56)
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3.3.2 Triangulation “S”
Conditions on the line bundles. For the symmetric triangulation, the flux quantization conditions
are summarized in table 8. In this triangulation, the curves Di,ρEi,στ do not exist. Again we find that
all bundle vectors are multiples of half lattice vectors, but the sum conditions are slightly different in
this case.
The Bianchi identities (54) for the symmetric triangulation on the divisor basis (Ri, Er) also become
somewhat more complicated
4∑
β,γ=1
V 21,βγ =
4∑
α,γ=1
V 22,αγ =
4∑
α,β=1
V 23,αβ = 24 , (57a)
4∑
α=1
(−V 21,βγ+V 22,αγ+V 23,αβ)+2
4∑
α=1
( V1,βγV2,αγ+V1,βγV3,αβ−V2,αγV3,αβ) = 8, β,γ∈{1, . . . 4}, (57b)
4∑
β=1
( V 21,βγ−V 22,αγ+V 23,αβ)+2
4∑
β=1
( V1,βγV2,αγ−V1,βγV3,αβ+V2,αγV3,αβ) = 8, α,γ∈{1, . . . 4}, (57c)
4∑
γ=1
( V 21,βγ+V
2
2,αγ−V 23,αβ)+2
4∑
γ=1
(−V1,βγV2,αγ+V1,βγV3,αβ+V2,αγV3,αβ) = 8, α,β∈{1, . . . 4}. (57d)
As the intersection numbers including the inherited divisors are triangulation independent, the Bianchi
identities (55a) and (57a) are identical. The 3 · 16 equations (57b)-(57d) result from integration over
the 3 · 16 exceptional divisors Ei,ρσ. Due to the symmetric structure, they are all similar. However,
owing to the fact that all exceptional divisors intersect, the equations contain more terms and are
stronger coupled as those obtained for the asymmetric triangulations.
Spectra computation. For the multiplicity operator (46) in the symmetric triangulation we obtain
N“S” =
1
3
3∑
i=1
4∑
ρ,σ=1
(
2H3i,ρσ +Hi,ρσ
)
+
4∑
α,β,γ=1
(
H1,βγH2,αγH3,αβ
)
(58)
− 1
2
4∑
α,β,γ=1
(
H21,βγH2,αγ+H1,βγH
2
2,αγ+H
2
1,βγH3,αβ+H1,βγH
2
3,αβ+H
2
2,αγH3,αβ+H2,αγH
2
3,αβ
)
.
3.4 Donaldson-Uhlenbeck-Yau equations
In addition to the topological conditions on the gauge flux, we have to impose the so-called Donaldson-
Uhlenbeck-Yau (DUY) equations. These equations are obtained by integrating the Hermitian Yang-
Mills (HYM) equations over the whole manifold. The one-loop corrected DUY equations [36] read
1
2
∫
X
J ∧ J ∧ F
2π
= ξ1L =
e2φ
16π
∫
X
1
(2π)3
[(
trF ′2 − 1
2
trR2
)
F ′ + (F ′ → F ′′)
]
, (59)
where F ′ and F ′′ are the (internal) gauge fluxes in the first and second E8, respectively. These are
16 equations involving the components of the line bundle vectors V Ir . Inserting the expression for the
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Flux quantization in triangulation “S”
E1,βγE2,αγ −V1,βγ − V2,αγ + V3,αβ ∼= 0 D1,αE1,βγ 0
E1,βγE3,αβ −V1,βγ + V2,αγ − V3,αβ ∼= 0 D1,αE2,αγ
∑
β
V3,αβ ∼= 0
E2,αγE3,αβ V1,βγ − V2,αγ − V3,αβ ∼= 0 D1,αE3,αβ
∑
γ
V2,αγ ∼= 0
D2,βE1,βγ
∑
α
V3,αβ ∼= 0 D3,γE1,βγ
∑
α
V2,αγ ∼= 0
D2,βE2,αγ 0 D3,γE2,αγ
∑
β
V1,βγ ∼= 0
D2,βE3,αβ
∑
γ
V1,βγ ∼= 0 D3,γE3,αβ 0
RiEi,ρσ 2Vi,ρσ ∼= 0 RiRj 0
RiDj,ρ −
∑
σ
Vi,ρσ ∼= 0 (i 6= j)
Table 8: The flux quantization
∫
C F/(2π) on curves C using the triangulation “S” at all Z2 × Z2
orbifold fixed points. As we will see in section 4.1, the resulting set of conditions turns out to be
equivalent to the ones obtained from the other triangulations, e.g. from “E1” in table 7.
Abelian gauge flux (53), we can rewrite the HYM as conditions on the volumes of the exceptional
divisors as
vol(Er)Vr = ξ1L , (60)
using (38) and Poincare´ duality. The right hand side is generically non-zero, which implies that it is
generically impossible that all divisor volumes vanish simultaneously.
These equations can be viewed as dynamical conditions on the Ka¨hler moduli. A geometrical
description in the supergravity approximation is only valid when the volumes of all divisors are positive
and large. Consequently, the DUY equations can be in serious conflict with the validity of supergravity.
Indeed, if we consider the case in which entries of the V ’s all have (semi)definite sign, the corresponding
volumes must all be zero in absence of the loop-corrections, i.e. when ξ1L = 0. The loop corrections
can move some of the volumes away from zero. But as a perturbative loop effect, these corrections
will be relatively small compared to the string scale. This suggest that certain resolution models have
a geometry which is only partially in blow-up.
In light of this, one may question whether the computation of spectra (using the methods reviewed
in previous subsections) is under control at all if the DUY equations confine the resolved space to a
complete or partial blow-down. On the other hand, one can argue in the following way that the
computation makes sense: The DUY equations arise as absolute minima of D-term potentials which
are proportional to the respective gauge couplings, i.e. the string coupling up to volume factors. In the
limit of vanishing string coupling the D-term potential vanishes. Consequently, the DUY equations
as well as the constraints on the volumes of the divisors become obsolete. Hence, in this limit we can
make the volumes sufficiently large so that the supergravity approximation is valid, and the spectrum
computation can be trusted. As the string coupling controls the genus expansion, changing the string
coupling does not induce topological changes of the geometry which have to do with the worldsheet
theories on the corresponding Riemann surfaces. Consequently, since the spectra we compute are
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chiral, they are preserved when the string coupling is subsequently switched on.
A possible way to avoid ending up in the (partial) blow-down regime at finite string coupling might
also be provided by viewing the DUY equations as a collection of D-flatness conditions: If a certain set
of charged matter fields take VEVs, thus allowing for large volumes, the supergravity approximation
can be saved. This clearly indicates that the true vacuum is not described by a combination of line
bundles as we have assumed, but rather by some more complicated non-Abelian bundle. A study of
such configuration will not be pursued in the present work.
3.5 Spectra computations on the resolution with free involution
We have described how to compute chiral spectra for SUGRA models built on resolved T 6/Z2 × Z2
spaces, by using a representation-dependent chiral index. In this subsection we comment how one can
extend this procedure after modding out the freely action Z2,free.
The computation of the spectrum on the T 6/Z2×Z2×Z2,free orbifold can be done straightforwardly
using standard CFT techniques for orbifolds [33]. They, in particular, require adding new twisted
sectors associated with Z2,free and build invariant combinations of the states that already exist in the
spectrum before modding out the Z2,free. In practice, for the massless spectrum this boils down to the
following: The novel twisted sectors are irrelevant as they only produce massive winding modes. The
gauge symmetry gets broken by the Wilson line associated with the Z2,free and only untwisted states
that are inert under this Wilson line remain massless. And finally, the fixed tori, on which the twisted
matter lives, are identified in pairs under Z2,free, so that the twisted spectrum simply becomes halved.
However, in this paper we are primarily concerned with model building on resolutions, hence we
need to determine the spectrum on a T 6/Z2 × Z2 × Z2,free resolution. To determine such a spectrum
one can proceed in two ways: One can either (i) take half of the chiral spectrum determined on a
Z2,free-compatible resolution of T
6/Z2 × Z2, or (ii) directly compute the chiral spectrum using the
multiplicity operator defined on the resolution of T 6non/Z2 ×Z2 = (T 6/Z2,free)/Z2 × Z2.
The first approach is heavily motivated by orbifold knowledge: Given that the untwisted orbifold
spectrum is always non-chiral for Z2×Z2 orbifolds, chirality only arises from the twisted sectors. The
fixed tori, where the twisted matter states are localized, are identified in pairs under Z2,free. This seems
to suggest that the chiral spectrum on a resolution of T 6/(Z2 ×Z2 ×Z2,free) is simply half of the one
obtained on the corresponding resolution of T 6/Z2×Z2, provided the branching of representations due
to the gauge symmetry breaking induced by the Z2,free action is taken into account. This procedure has
some potential serious flaws: Firstly, one assumes that one can uniquely associate a resolution model
with an orbifold construction. Secondly, one assumes that the orbifold spectrum after branching will
always be larger than the one of the resolution model. Finally, one makes assumptions about where
the chiral matter states are localized on the resolved orbifold, in particular that the chiral resolution
matter originates from the twisted sectors. However, the extended chiral multiplicity operator (46)
only gives the multiplicity of states but does not specify where the states are originating from. As we
will discuss in the next section, the first two issues are more subtle: The matching between orbifold
and resolution models is complicated for various technical reasons, and it turns out that even in
very simple resolutions the spectrum after branching can be larger than the one of the corresponding
orbifold.
Consequently, only the second approach can be trusted. It is direct computation, which does not
rely in any way on the orbifold knowledge or any a priori assumptions about the resolution spectrum.
Nevertheless one can show that the intuition of the former approach, i.e. that the chiral spectrum
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gets halved, is correct. The details of the computation of the multiplicity operator Nnon are given
in appendix B.3. In particular one can show that Nnon = N/2, where N is the multiplicity operator
on the corresponding Z2,free-compatible resolution of T
6/Z2 × Z2. For this reason, we simply divide
the resolution spectrum on Res(T 6/Z2 × Z2) by two in the main text of the paper, and refer for the
detailed discussion to appendix B.3.
4 Matching of supergravity and orbifold constructions
This section is devoted to the question to which extent one can make a direct and complete identifi-
cation between heterotic orbifold and resolution models based on Z2 × Z2 orbifolds.
4.1 E8×E8 embeddings of line bundles and orbifold actions
Given any element g of the space group of an orbifold, its action is embedded in the gauge degrees
of freedom via a local shift vector Vg. This induces a gauge symmetry breaking localized in the g-
fixed points, whose details are encoded in Vg. The counterpart of this gauge symmetry breaking in
the supergravity model built on the resolved orbifold is the very presence of a gauge background: in
the blow-down limit the gauge flux F gets indeed squeezed inside the orbifold singularities and its
effects are just monodromies around them. The identification of these monodromies in the CFT and
supergravity constructions provides the key to the matching: We can identify the Abelian bundle
vectors Vr with the local shifts Vg (see e.g. [28, 45]) up to E8 × E8 lattice elements:
Vg ∼=
∫
C
F
2π
∣∣∣∣
r
= Vr , (61)
locally at each singularity. Here C denotes a curve of an ordinary divisor that intersects with the
exceptional divisor inside the singularity, and the vertical bar means restriction to the local fixed point
(labeled by r) that is being investigated, i.e. all other exceptional divisors in F are not considered.
In this paper we have described a different way of obtaining these identifications: Recall that in
subsection 3.2 we showed that the orbifold boundary conditions (50) are lifted to C∗-scaling actions
(51) in blow-up.
In the T 6/Z2×Z2 case the resulting relations between the line bundle vectors and the local orbifold
shifts and Wilson lines are given by
V1,βγ ∼= V1 +
∑
i 6=1,2
ni1,βγWi , V2,αγ
∼= V2 +
∑
i 6=3,4
ni2,αγWi , V3,αβ
∼= V3 +
∑
i 6=5,6
ni3,αβWi , (62)
where the dependence of the n’s on the indexes α, β and γ is defined in equation (6) and table 2. This
leads to the seemingly asymmetric situation: On one hand we have 48 bundle vectors, while on the
other hand the identification with the orbifold boundary conditions allows for only eight independent
input vectors up to lattice vectors (i.e. two shifts and six Wilson lines). To understand that there is
no paradox, we have to consider carefully the consequences of the flux quantization conditions.
The expressions for the flux quantization conditions are strongly triangulation dependent, as can
be seen e.g. from tables 7 and 8. However, for any choice of triangulations of the 64 local Z2 × Z2
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resolutions these quantization conditions are always equivalent to the following set of conditions:
2Vk,ρσ ∼= 0 , k = 1, 2, 3 , ρ, σ = 1, . . . , 4 , (63a)
∑
ρ
Vk,ρσ ∼= 0 ,
∑
ρ
Vk,σρ ∼= 0 , k = 1, 2, 3 , σ = 1, . . . , 4 . (63b)
V1,βγ + V2,αγ + V3,αβ ∼= 0 , α, β, γ = 1, . . . , 4 , (63c)
The first two conditions are obtained from the flux quantization on the curves RkEk,ρσ and RkDj,σ,
respectively, and are therefore triangulation independent. Depending on the triangulation of the res-
olution of the fixed point (α, β, γ) either the curve D1,αE1,βγ or the curve E2,αγE3,αβ exists (and
similarly for cyclic permutation of the labels 1, 2, 3). However, in all the cases the resulting set of
flux quantization conditions is equivalent to (63c), upon using (63a). Hence, the set of quantization
conditions (63) is in fact universal, i.e. valid for any triangulation. Moreover, the universal flux quan-
tization conditions (63) are automatically fulfilled by bundle vectors fulfilling the matching identities
of eq. (62).
In addition, using the flux quantization conditions (63) the 48 line bundle vectors can be expressed
in terms of eight fundamental ones. These can be chosen to be V1,1i, V2,i1 and V3,1i with i = 1, 2, 3,
with a single constraint
V1,11 + V2,11 + V3,11 ∼= 0 , (64)
which follows immediately from (63c) for (α, β, γ) = (1, 1, 1). In appendix C we show this construc-
tively. Out of this set of eight fundamental line bundles we can reconstruct the orbifold shifts and
Wilson lines as
V1 := V1,11 , V2 := V2,11 , V3 := V3,11 , (65a)
W1 := V2,31 − V2,11 , W2 := V2,21 − V2,11 , (65b)
W3 := V3,13 − V3,11 , W4 := V3,12 − V3,11 , (65c)
W5 := V1,13 − V1,11 , W6 := V1,12 − V1,11 . (65d)
with V3 ∼= V1 + V2 because of the constraint (64). Hence, the characterization of the gauge flux in
terms of the 48 line bundles contains the same amount of information up to lattice vectors as the two
shifts and six orbifold Wilson lines that a heterotic T 6/Z2 × Z2 model can maximally be equipped
with.
4.2 Open points in the matching: the problem of brothers
From the orbifold perspective the blow-up is generated by giving VEVs to twisted states. A complete
blow-up of an orbifold therefore requires that in all twisted sectors at least one twisted state, corre-
sponding to the blow-up mode4 takes a non-vanishing VEV. When a complex twisted scalar φr takes
a VEV then the field redefinition
φr =Mse
2piUr =Mse
2pi(br+iβr) , (66)
4Generically not all twisted states correspond to blow-up modes: some of them may be linked to deformations of the
resolved space, i.e. changes in the complex structure moduli, or to bundle deformations etc.
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U sector θ1-sector θ2-sector θ3-sector
(27,1)(−2,−2) (27,1)(2,2) 16(27,1)(2,0) 16(27,1)(−1,1) 16(27,1)(−1,−1)
(27,1)(−2,2) (27,1)(2,−2) 16(1,1)(−6,0) 16(1,1)(3,−3) 16(1,1)(3,3)
(27,1)(4,0) (27,1)(−4,0) 32(1,1)0,2 32(1,1)(3,1) 32(1,1)(3,−1)
(1,1)(6,−2) (1,1)(−6,2) 32(1,1)(0,−2) 32(1,1)(−3,−1) 32(1,1)(−3,1)
(1,1)(6,2) (1,1)(−6,−2)
(1,1)(0,4) (1,1)(0,−4)
Table 9: The massless spectrum of the Z2×Z2 standard embedding orbifold model with gauge group
E6 ×U(1)2 × E8.
can be used to transmute it into an axion βr and a Ka¨hler modulus br. The shifted (gauge) momentum
Psh of a blow-up mode φr, being localized at a singularity corresponding to r and developing a VEV,
can be identified with a line bundle vector Vr in the corresponding patch r of the resolution
Vr = Psh . (67)
Therefore, specifying all twisted states that take VEVs defines in principle the resolution model pre-
cisely.
Furthermore, the description of the resolution model crucially depends on the triangulations chosen
at the singularities. From the orbifold point of view, the triangulation can be determined by the relative
sizes of the VEVs of the three twisted states at a given Z2 × Z2 singularity. For example, if∣∣∣∣ φ1,βγMsφ2,αγφ3,αβ
∣∣∣∣ = e2pi(b1,βγ−b2,αγ−b3,αβ) > 1 , (68)
we need to use triangulation “E1” for the resolution of the Z2 × Z2 fixed point (α, β, γ). To see this
notice that in triangulation “E1” the curve D1,αE1,βγ has positive volume only when b1,βγ − b2,αγ −
b3,αβ > 0, cf. table 5.
A different problem arises when starting form a Z2 × Z2 orbifold resolution model. Given a
resolution model defined by a set of line bundle vectors, it is clear, in principle, what happens in the
blow-down limit. The problem in this case is that the Z2×Z2 orbifold can be equipped with additional
modular invariant phases under which the various partition functions of different twisted sectors can
be combined. One way of generating these phases is by adding E8×E8 lattice elements to the defining
shifts and Wilson lines of the orbifold. Naively one expects that this does not make any difference,
but in fact, it might lead to different projections. This means that one orbifold model is in fact part
of a whole collection of “brother” models. Finding the correct blow-down model associated with a
resolution model means finding the right brother model, and this cannot be done by just relying on
the matching procedure sketched in 4.1, precisely since, as noted there, that procedure is blind to
E8×E8 lattice elements. We want to stress that this kind of issue is specific to orbifold models whose
geometry admits the presence of “brothers,” so in particular it affects the matching treated in [28] in
the Z6−II case, without any consequence in the cases studied in [43,45,55,56].
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4.3 Novel states on the resolution: the standard embedding example
Since going from the orbifold point to a resolution model is done by giving a non-trivial VEV to
the blow-up modes (i.e. twisted orbifold fields), this procedure can generate mass terms for some
fields just in the way the Higgs VEV does in the Standard Model. Thus naively one would expect
to see at most as many chiral states on the resolution as on the orbifold. However, we observe that
there are resolution states with no counterpart on the orbifold and that the number of these states
jumps between the different triangulations. These states turn out to be invisible from the orbifold
perspective which may indicate that they are non-perturbative in nature. Indeed, it is possible to
explain the disappearance of these states by blow-up moduli dependent mass terms.
A concrete and simple setup to study this phenomenon is the standard embedding. The orbifold
model is specified by the shifts
V1 =
(
0,
1
2
,−1
2
, 05
)(
08
)
and V2 =
(
− 1
2
, 0,
1
2
, 05
)(
08
)
(69)
and vanishing Wilson lines Wi = 0, i = 1, . . . , 6. The resulting 4d model has E6 × U(1)2 × E8 gauge
group and the charged matter spectrum consists of 3(27,1) + 51(27,1) and 246 singlets (charged
under U(1)2). It is listed in detail in table 9.
The blow-up model is obtained with the bundle vectors
V1,βγ =
(
0,−1
2
,−1
2
, 1, 0, 0, 0, 0
)(
0, 0, 0, 0, 0, 0, 0, 0
)
, (70)
V2,αγ =
(
− 1
2
, 0 − 1
2
, 0, 1, 0, 0, 0
)(
0, 0, 0, 0, 0, 0, 0, 0
)
, (71)
V3,αβ =
(
− 1
2
,−1
2
, 0, 0, 0, 1, 0, 0
)(
0, 0, 0, 0, 0, 0, 0, 0
)
, (72)
which fulfill the Bianchi identities for any triangulation. This corresponds to choosing the blow-
up modes in three different directions inside 27 of E6 which induces a gauge symmetry breaking
E6 × U(1)2 → SU(3) × SU(2) × U(1)5. (In detail: The blow-up modes associated to V1,βγ lead to a
breaking to SO(10)×U(1) and all 27 are branched to 16+ 10+ 1. The blow-up modes associated to
V2,αγ acquire a VEV in the 16. This induces further breaking SO(10) → SU(5) × U(1), and the 16
branches to 10+5+1. And finally the blow-up modes associated to V3,αβ branches the 10 of SU(5).)
Since we chose the same blow-up mode in each fixed plane of a given twisted sector, the discussion is
the same for all 64 local resolutions. Thus, here we may drop the fixed point labels α, β and γ. The
U(1)’s are chosen such that the charge vectors of the blow-up modes (66) are Q(φ1) = (10, 0, 0, 0, 0),
Q(φ2) = (0, 10, 0, 0, 0) and Q(φ3) = (0, 0, 10, 0, 0). In this way the axions corresponding to the blow-up
modes have no effect in anomaly cancellation for the last two U(1) factors. In fact, these U(1)’s have
no anomaly at all, as can be checked by directly inspecting the anomaly polynomial. This matches
with the fact that the two U(1)’s present in the orbifold model are non-anomalous, but notice that
the non-anomalous U(1)’s in the orbifold and those in the resolution cannot be identified with each
other directly, since the blow-up modes are generically charged under the orbifold U(1)’s.
In table 10 we list the twisted spectrum of the standard embedding model, after branching it in
representations of SU(3) × SU(2), and we match it with the spectra obtained in the resolutions “Ei”
and “S”. The untwisted spectrum has no chiral counterpart in the resolution, so we do not consider
it. We provide the U(1) charges in the basis discussed above, that differs from the basis used in table 9
for the reasons explained above. In what follows we also face the details of the matching in the specific
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case of states in (1,2) representations, but the mechanisms at work for the other representation are
essentially the same.
4.3.1 Flopping states: the (1,2) case
To face the phenomenon of extra states appearing on the resolutions, we discuss here as an example
the matching and appearance of novel states for the SU(2) doublets di listed in table 10. We focus in
particular on the states named d1 and d2. The multiplicities of the orbifold states and of the states
appearing in each of the four triangulations of the 64 Z2 × Z2 fixed points are shown in table 10. As
the charges of the orbifold states and the states on the resolution do not completely match we need
to perform field redefinitions of the orbifold states using the blow-up modes of the respective sectors
given by (cf. (66)):
di = e
2piUrdorbii for i = 1 . . . 6 and d7 = e
−2piUrdorbi7 . (73)
Table 10 indicates that orbifold and resolution multiplicities of the states d1 and d2 are identical,
except for resolution “E2”, where the multiplicity is −48 rather then 16. The negative multiplicity
means that on that resolution one does not see the d1 and d2 states, but rather their charge conjugates
which we call d1 and d2. In order to explain this we first consider the (lowest order) superpotential
terms for d1 and d2 that can be written from the orbifold perspective, namely W = d
orbi
1 d
orbi
2 φ2. This
term indicates that all states get a mass term in blow-up. From the blow-up perspective the corre-
sponding superpotential can be obtained after field redefinition, and reads W = d1d2e
−2pi(U1+U3−U2).
We observe that in all triangulations but “E2” the conditions on the blow-up moduli are such that
we can interpret this superpotential term as instantonic mass terms. Thus, d1 and d2 have the same
multiplicity both in the orbifold point and in resolution, since they are massless modes in a perturba-
tive expansion of the theory, receiving instantonic mass corrections. When we pass to triangulation
“E2” from any other triangulation, the twisted moduli fulfill the condition b2 > b1 + b3 and the d1d2
mass term cannot be thought of as an instantonic correction to a well defined perturbative theory any
more.
In other words, the supergravity construction fails as soon as b2 is not smaller than b1+ b3, and we
loose control on the “perturbative” computation of the spectrum: the non-perturbative corrections
take over, and a new “perturbative” computation comes at hand, i.e. the supergravity construction
made in resolution “E2”, where the states d1 and d2 indeed disappear from the spectrum. This
argument holds in the very same way for the pairs d3, d4 and d5, d6, disappearing in resolution “E1”
and “E3”, respectively. For the d7 states the orbifold mass term is such that in no triangulation it
can be seen as an instantonic correction to a perturbatively massless set of states: in supergravity,
independently of the resolution type, these states have a large O(Ms) mass and are removed from the
massless spectrum.
We explained the fate of the orbifold states when passing in blow-up and when passing from one
triangulation to the other. This is not all, since we have underlined states to explain as well. Their fate
is somewhat dual to that of non-underlined states. Let us consider the d1 and d2 states in triangulation
“E2”: it is reasonable to assume that their superpotential is
W = d1d2e
2pi(U1+U3−U2) (74)
and these states are present as massless states with instantonic mass terms only if the moduli are
chosen such that we are in triangulation “E2”, in all the other cases the instantonic correction grows,
a perturbative perspective is non-tenable, and the underlined states drop from the massless spectrum.
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State Orb. Mult. Resolution Mult. U(1) charges
θ1 θ2 θ3 “E1” “E2” “E3” “S”
d1 16 16 -48 16 16 ( 7,-5, 3, 1, 2)
d2 16 16 -48 16 16 ( 3,-5, 7,-1,-2)
d3 16 16 16 -48 16 ( 3, 7,-5,-2,-1)
d4 16 16 16 -48 16 ( 7, 3,-5, 2, 1)
d5 16 -48 16 16 16 (-5, 3, 7, 1,-1)
d6 16 -48 16 16 16 (-5, 7, 3,-1, 1)
d7 16 16 16 -80 -80 -80 -80 (-5,-5,-5, 0, 0)
t1 16 16 -48 -48 -48 ( 8,-4,-4, 1, 1)
t2 16 16 32 -32 -32 -32 ( 2,-6,-6,-1,-1)
t3 16 -48 -48 16 -48 (-4,-4, 8, 0,-1)
t4 16 16 -32 -32 32 -32 (-6,-6, 2, 0, 1)
t5 16 -48 16 -48 -48 (-4, 8,-4,-1, 0)
t6 16 16 -32 32 -32 -32 (-6, 2,-6, 1, 0)
t7 16 16 16 16 16 ( 6, 2, 2, 2, 2)
t8 16 16 16 16 16 ( 2, 6, 2,-2, 0)
t9 16 16 16 16 16 ( 2, 2, 6, 0,-2)
q1 16 16 16 16 16 (-7, 1, 1, 1, 1)
q2 16 16 16 16 16 ( 1,-7, 1,-1, 0)
q
3
16 16 16 16 16 ( 1, 1,-7, 0,-1)
φ1 16 1
st Blow-up mode (10, 0, 0, 0, 0)
φ2 16 2
nd Blow-up mode ( 0,10, 0, 0, 0)
φ3 16 3
rd Blow-up mode ( 0, 0,10, 0, 0)
s1 16 16 16 16 16 ( 6, 2, 2,-3,-3)
s2 16 16 16 16 16 ( 2, 6, 2, 3, 0)
s3 16 16 16 16 16 ( 2, 2, 6, 0, 3)
s4 16 -16 -64 0 64 0 (-8, 0, 8, 1, 2)
s5 32
∗ -64 0 0 0 (-2,10, 2,-1,-2)
s6 32
∗ 0 0 -64 0 ( 2,10,-2, 1, 2)
s7 16 -16 -64 64 0 0 (-8, 8, 0, 2, 1)
s8 32
∗ -64 0 0 0 (-2, 2,10,-2,-1)
s9 32
∗ 0 64 0 0 ( 2,-2,10, 2, 1)
s10 16 -16 0 -64 64 0 ( 0,-8, 8,-1, 1)
s11 32
∗ 0 -64 0 0 (10,-2, 2, 1,-1)
s12 32
∗ 0 0 64 0 (10, 2,-2,-1, 1)
Table 10: Orbifold and resolution multiplicities of the states in the standard embedding (but in non-standard blow-up). The first
column lists the labels of SU(3)×SU(2) representations: “dx” for (1,2), “tx” for (3,1), “qx” for (3,2), φx for the blow-up modes,
and “sx” denote the singlets. An overlined label indicates the corresponding conjugate representation. In giving the multiplicities
in the orbifold we indicate the twisted sector to which they belong (θ1, θ2, and θ3). When the resolution the multiplicities are
calculated for all four triangulations (using the same triangulation at each singularity). Some singlets are marked with a ∗ sign
to indicate that their matching is ambiguous since they can be redefined in two possible ways, both having a viable physical
interpretation.
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4.3.2 A “mother” theory including all states
The description given above explains how states “disappear”, but does not account for the presence
of states from the very beginning. This we can try to face by considering a unified description where
both underlined and non-underlined states live at the same time (it is of course arguable whether
such a description has the status of a physical theory, or whether it is just a convenient bookkeeping
construction.)
Restricting to the case of the doublets d1, d2, d1, and d2, we can consider a “mother” theory
containing 16 copies of the non-underlined states, and 48 copies of the underlined ones. In such a
theory the dynamics would be described, at the lowest level, by a superpotential of the form
WM = d1d2e
−2pi(U1+U3−U2) + d1d2e
2pi(U1+U3−U2) + d1d1 + d2d2 (75)
inducing a 64 × 64 mass matrix. Such mass matrix would have O(1) blocks linking di’s with di’s
states, and O(e±2pi(U1+U3−U2)) “diagonal” blocks. This mass matrix indicates how the underlined
states decouple in all triangulation but “E2”, while the non-underlined states would receive small
mass terms, in a sort of see-saw mechanism. In triangulation“E2” the reverse see-saw would instead
be at work, decoupling the non-underlined states and re-coupling the underlined ones, with small mass
term.
A similar mechanism, with minor modifications, would be at hand for the other doublet states, as
well as for all states in the model.
5 MSSM on the orbifold and on the resolution
The main objective of this paper is to construct resolution models of heterotic orbifolds. In the previous
sections we have discussed the geometrical resolutions and how to investigate supergravity and super
Yang-Mills on them. In this section we first recall some basic facts of how to describe heterotic string
theory on orbifolds, then we consider an orbifold model with the MSSM spectrum, and, building on
this model, we finally consider a model built on the resolved orbifold having the MSSM spectrum, and
comment on matching the orbifold and the supergravity model.
5.1 Heterotic Z2 × Z2 orbifolds with a free involution
In CFT constructions of heterotic orbifolds the space group acts on the gauge degrees of freedom as
well. The orbifold rotations θi are embedded in the gauge degrees of freedom via the three gauge
shifts Vi. The translations over the six torus basis vectors ei are embedded via six Wilson lines Wi,
and finally the Z2,free involution is characterized by an additional Wilson line W .
This data defines the heterotic orbifoldand has to satisfy certain consistency conditions: In order
to define a proper representation of the space group, one has to impose
2Vi ∼= 0 , V3 ∼= −V1 − V2 , 2Wj ∼= 0 , 2W ∼=W2 +W4 +W6 , W2 ∼=W4 ∼=W6 . (76)
Modular invariance of the corresponding one loop string partition function and the existence of well-
defined projections imposes further requirements on the shift vectors and on the Wilson lines (see e.g.
in [38] and appendix D):
Vi · Vj − ϕi · ϕj ≡Wp ·Wq ≡ Vi ·Wp=2i,2i−1 ≡ 0 , (77)
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Mult. Irrep. Label
U θ1 θ2 θ3 Σ
3 4 8 15
(
5;1,1
)
D
3 2 4 9 (5;1,1) D
4 8 12 (1;4,1) T (1)
4 8 12
(
1;4,1
)
T
(1)
2 2 (1;6,1) V (1)
6 22 28 56 (1;1,1) S
Mult. Irrep. Label
U θ1 θ2 θ3 Σ
2 4 6 (10;1,1) Q
4 4 4 12 (1;1,4) T (2)
4 4 4 12
(
1;1,4
)
T
(2)
2 2 (1;1,6) V (2)
Table 11: The massless SU(5) GUT spectrum of the Z2 × Z2 can accommodate a net number of six
generations of quarks and leptons. The representations with respect to [SU(5)] × [SU(4) × SU(4)]
together with their multiplicities (separated by: untwisted sector U, twisted sectors θ1, θ2, θ3 and the
total multiplicity Σ) and the labels are listed.
where “≡” means equal up to integers. The same requirements also constrains the embedding of the
freely acting Wilson line
W ·Wp ≡ 2W 2 ≡ 0 . (78)
Details of the derivation can be found in appendix D. As a side remark we note that these conditions
do not seem to have an analog in supergravity. As the action is free, the Bianchi identities, which
are the central consistency requirement of the CY manifold, are not modified. So it would be very
interesting to investigate how the orbifold consistency requirement derived above can be understood
as string consistency condition on a CY.
5.2 An MSSM orbifold
To obtain a concrete realization of an orbifold model with an MSSM spectrum after modding out the
freely acting Z2,free, we make the following choices. First of all, we take the Wilson lines
W2 =W4 =W6 = 2W (79)
equal on the orbifold to allow for a straightforward Z2,free identification (76), and set one Wilson line
to zero, i.e. W1 = 0. For the shifts and the other Wilson lines we take
V1 =
(1
4
,−1
4
,−1
4
,
1
4
,−3
4
,−3
4
,
1
4
,
1
4
) (
1, 0, 0, 0, 0, 0, 0, 0
)
, (80a)
V2 =
(3
4
,
1
4
,−1
4
,
1
4
,
1
4
,−3
4
,
1
4
,
1
4
) (
1, 0, 0, 0, 0, 0, 0, 0
)
, (80b)
W2=W4=W6 =
(
− 5
4
,
3
4
,−3
4
,
9
4
,−7
4
,−3
4
,
5
4
,−3
4
)(
− 1
4
,
11
4
,
3
4
,−3
4
,−7
4
,−3
4
,
5
4
,
3
4
)
, (80c)
W3 =
(
−1,−1, 0,−2, 0,−2, 2,−3
) (
− 7
4
,−1
4
,
3
4
,−1
4
,−5
4
,
1
4
,
1
4
,
5
4
)
, (80d)
W5 =
(1
4
,
9
4
,−13
4
,
11
4
,
3
4
,
11
4
,−1
4
,−1
4
)(3
4
,
1
4
,−11
4
,−3
4
,−3
4
,−1
4
,−5
4
,
3
4
)
. (80e)
36
Mult. Irrep. Label
U θ1 θ2 θ3 Σ
3 2 4 9 (3,1;1,1,1)1/3 d
2 4 6 (1,2;1,1,1)
−1/2 ℓ
3 1 2 6 (3,1;1,1,1)
−1/3 d
1 2 3 (1,2;1,1,1)1/2 ℓ
2 4 6 (1,1;4,1,1)0 t
2 4 6 (1,1;4,1,1)0 t
1 1 (1,1;6,1,1)0 v
6 13 14 33 (1,1;1,1,1)0 s
Mult. Irrep. Label
U θ1 θ2 θ3 Σ
1 2 3 (3,2;1,1,1)1/6 q
1 2 3 (3, 1; 1, 1, 1)
−2/3 u
1 2 3 (1,1;1,1,1)1 e
4 4 4 12 (1,1;1,2,1)0 x
4 4 4 12 (1,1;1,1,2)0 y
1 1 (1,1;1,2,2)0 z
Table 12: The massless MSSM spectrum of the Z2×Z2 with freely acting Z2,free. The representations
with respect to [SU(3)×SU(2)×U(1)Y ]×[SU(4)×SU(2)2] together with their multiplicities (separated
by: untwisted sector U, twisted sectors θ1, θ2, θ3 and the total multiplicity Σ) and the labels are listed.
This set satisfies all orbifold consistency conditions described in subsection 5.1.
Before modding out the freely acting Z2,free, the gauge group of the model is
GGUT = [SU(5)×U(1)4]× [SU(4) × SU(4) ×U(1)2] , (81)
and the full massless spectrum is given in table 11. The GUT part of the spectrum contains six
10-plets. For the 5-plets, we find a net number of 15 − 9 = 6 . Hence it can accommodate six SM
generations and a certain number of Higgses and vector-like exotics. The remaining states are charged
under the hidden gauge group or are singlets.
In a second step, we divide out the freely acting Z2,free together with its associated freely acting
Wilson line W , resulting in a gauge symmetry breaking from the GUT group of equation (81) to
GSM = [SU(3)× SU(2)×U(1)5]× [SU(4)× SU(2)2 ×U(1)3] , (82)
and the charged massless spectrum is given in table 12.
In principle this model allows for a full blow-up of all 24 fix tori without breaking the SM gauge
group, since there is at least one twisted SM singlet per fixed torus that can be chosen as a blow-up
mode along an F-flat direction (of the cubic superpotential). This is in contrast to the models discussed
in [28, 33]. However, compared to the model in [33], the present model has a big phenomenological
drawback as there exists one U(1) that cannot be broken along D-flat directions of SM singlets. This
U(1) turns out to be B − L. Consequently, this model suffers under a U(1)B−L symmetry remaining
unbroken down to the SUSY-breaking scale – an undesired fact, e.g. for light neutrinos via the see-saw
mechanism.
5.3 MSSM on a resolved orbifold
In this section we consider an explicit model obtained by wrapping line bundles built as described in
section 3 on the smooth resolution of T 6/Z2×Z2 built in section 2. As we have seen in subsection 3.3.1
the choice of using triangulation “E1” at all Z2 × Z2 fixed points is very convenient because it leads
to considerable simplifications of the Bianchi identities. Even with this choice of triangulation solving
the Bianchi identities is far from trivial. We therefore make some additional simplifying assumptions.
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Vr expression for the bundle vector Vr
V1,11, V1,22 (−14 14 14 −14 −14 −14 −14 −14)( 0 0 0 0 0 0 −1 0)
V1,12, V1,21 (−12 0 12 0 0 0 0 0)(−34 14 14 −14 −14 −14 −14 14 )
V1,13, V1,24 (−12 0 12 0 0 0 0 0)( 14 −14 −14 −14 −14 14 −34 14 )
V1,14, V1,23 (−14 14 14 −14 −14 −14 −14 −14)( 0 12 12 0 0 −12 12 0)
V1,31, V1,42 (−14 14 −34 −14 −14 −14 −14 −14)(−14 14 14 14 14 −14 −14 −14)
V1,32, V1,41 (−12 0 −12 0 0 0 0 0)( 0 −12 12 0 0 −12 12 0)
V1,33, V1,44 (
1
2 −1 −12 0 0 0 0 0)( 0 0 0 0 0 0 0 0)
V1,34, V1,43 (−14 −34 14 −14 −14 −14 −14 −14)(−14 −14 −14 14 14 14 14 −14)
V2,11, V2,22
( 14 −14 14 −14 −14 −14 −14 −14)( 0 0 0 0 0 0 −1 0)V2,31, V2,42
V2,12, V2,21
( 0 12 −12 0 0 0 0 0)(−14 −14 −14 14 14 14 −34 −14)V2,32, V2,41
V2,13, V2,24 ( 0 −12 12 0 0 0 0 0)( 14 34 −14 −14 −14 14 14 14 )V2,33, V2,44
V2,14, V2,23
( 14 −14 14 −14 −14 −14 −14 −14)( 0 12 12 0 0 −12 12 0)V2,34, V2,43
V3,11, V3,22 ( 12
1
2 1 0 0 0 0 0)( 0 0 0 0 0 0 0 0)V3,31, V3,42
V3,12, V3,21
(−14 −14 34 −14 −14 −14 −14 −14)(−14 −14 −14 14 14 14 14 −14)V3,32, V3,41
V3,13, V3,24
(−12 −12 0 0 0 0 0 0)( 34 14 14 14 14 −14 −14 −14)V3,33, V3,44
V3,14, V3,23
(−14 −14 −14 −14 −14 −14 −14 −14)(−12 0 0 −12 −12 0 0 12 )V3,34, V3,43
Table 13: Set of 48 line bundle vectors such that they solve the Bianchi identities (55) obtained by
using resolution “E1” for all 64 C
3/Z2 × Z2 fixed points.
These assumptions are inspired by the structure of heterotic orbifold CFTs, which we discussed in
subsection 5.1.
5.3.1 Line bundle vector ansatz
By putting the orbifold consistency conditions, discussed in subsection 5.1, and connections between
orbifold line bundle vectors and the local orbifold twists together as explained in subsection 4.1, and
making some simplifying further assumption, we can obtain a simplifying ansatz for the line bundle
vectors. As the objective here is not to obtain a full classification, but rather to find at least some
solutions, we do not mind that this ansatz will be far from generic.
In subsection 5.2 we construct an MSSM orbifold where on the torus several Wilson lines are equal
andW1 = 0, see (79). By the identification (62) this means that many line bundle vectors are equal up
to E8×E8 lattice vectors. We assume that all line bundle vectors that are equal up to lattice elements,
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are strictly equal, i.e.
Vi,22 = Vi,11 , Vi,21 = Vi,12 , Vi,24 = Vi,13 , Vi,23 = Vi,14 ,
Vi,42 = Vi,31 , Vi,41 = Vi,32 , Vi,44 = Vi,33 , Vi,43 = Vi,34 ,
i = 1, 2, 3, (83a)
Vj,3σ = Vj,1σ , Vj,4σ = Vj,2σ , j = 2, 3; σ = 1, . . . , 4 , (83b)
consequently the number of independent bundle vectors reduces from 48 to 16.
A final simplification comes from the following observation: The relation between a line bundle
vectors Vr and a local orbifold twist Vg is same as the definition of the shifted momentum Psh = Vg+P ,
with P ∈ Λ, of a twisted state that string theory predicts at the orbifold fixed tori. Massless twisted
states satisfy P 2sh = 3/2 on the Z2 × Z2 orbifold when no oscillator excitations are switched on.
Inspired by this, we assume that vectors from the same sector all have length 3/2. This assumption
automatically ensures that the Bianchi identities (55a), obtained by integrating over the inherited
divisors, are satisfied.
By applying all these assumptions simultaneously, the complete system of Bianchi identities (55)
simplifies tremendously:
V 2i,ρσ =
3
2
, i ∈ {1, 2, 3} , ρ, σ ∈ {1, 2, 3, 4} , (84a)
(V1,11 + V1,12 + V1,31 + V1,32) · V2,11 = 1 , (V1,11 + V1,12 + V1,31 + V1,32) · V2,12 = 1 , (84b)
(V1,13 + V1,14 + V1,33 + V1,34) · V2,13 = 1 , (V1,13 + V1,14 + V1,33 + V1,34) · V2,14 = 1 , (84c)
(V1,11 + V1,12 + V1,13 + V1,14) · V3,11 = 1 , (V1,11 + V1,12 + V1,13 + V1,14) · V3,12 = 1 , (84d)
(V1,31 + V1,32 + V1,33 + V1,34) · V3,13 = 1 , (V1,31 + V1,32 + V1,33 + V1,34) · V3,14 = 1 . (84e)
In particular, instead of 48 Diophantine equations involving scalar products of different bundle vectors,
(cf. equations (55b)-(55d)), only eight of them remain.
5.3.2 A six generation GUT on triangulation “E1”
To solve the combined system of flux quantization conditions and Bianchi identities we use the strate-
gies put forward in the previous subsection. From the orbifold data (80) one possible solution of the
reduced set of Bianchi equations (84) in triangulation “E1” is given in table 13.
To ensure that the resolution model can ultimately be interpreted as an MSSM candidate, the
bundle vectors were chosen such that the unbroken gauge group contains an SU(5) factor. Indeed, the
commutant of the line bundle background reads
[SU(5)]× [SU(3) × SU(2)] ; (85)
the SU(3) and SU(2) are part of the second (hidden) E8 gauge group. By applying the multiplicity
operator (56) to all E8×E8 states we can determine the complete chiral spectrum of the resolution
model. The multiplicities are integral for the E8×E8 roots and there is no non-Abelian anomaly. The
resulting particle spectrum is given in table 14. The spectrum contains six 10’s, twelve 5’s and five
5’s, hence the model can describe a net number of six GUT generations. In addition some of the
vector-like 5+ 5 can be interpreted as Higgs pairs. The distinction between the 70 scalar in the first
E8 and 80 in the second E8 might seem somewhat arbitrary, but is fixed by the fact they are charged
under different U(1) factors coming either from the first or the second E8.
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# irrep # irrep
6 (10;1,1) 70 (1;1,1)
12 (5;1,1) 6 (5;1,1)
(a) Massless spectrum of the first E8
# irrep # irrep
16 (1;3,1) 16 (1;3,1)
32 (1;1,2) 80 (1;1,1)
(b) Massless spectrum of the second E8
Table 14: Chiral massless spectrum of the Z2 × Z2 model. The multiplicities are calculated using
(56). The representations under SU(5) of the first E8 and SU(3) × SU(2) of the second E8 are given
in boldface.
5.3.3 The MSSM after modding out the Z2,free involution
After having obtained an SU(5) GUT model with six generations we define a Z2,free Wilson line in the
τ direction, as in the orbifold limit, that simultaneously breaks the SU(5) GUT group down to the
standard model gauge group, SU(3)× SU(2)×U(1)Y , and reduces the number of states by a factor of
two. This naive approach to the computation of the spectrum provides the correct result, as discussed
in section 3.5 and in appendix B.
Hence the model describes three generations of quarks and lepton of the Standard Model. As the
hypercharge is embedded in a canonical way in the SU(5) and all 48 line bundle vectors are SU(5)
singlets, the hypercharge is orthogonal to all blow-up modes, and hence not broken.
5.3.4 DUY and moduli of the Z2 × Z2 orbifold resolution
To see whether the solution is consistent with the DUY equations, we insert the gauge flux into
equation (59). Before giving these equations explicitly, we first make some simplifying observations:
First of all in order to ensure that the freely acting involution Z2,free can be modded out, the volumes
need to be identified pairwise. Since the Wilson line W1 is not switched on, groups of four volumes
associated with the exceptional divisors E2,σρ and E3,σρ satisfy the same equations because they get
contracted with identical line bundle vectors. As we merely want to understand to what extend a full
blow-up is possible, we simply take all volumes equal that are related to each other in these ways.
This means that we have 16 independent volumes, vol1, . . . , vol16, one for each of the different bundle
vector given as the rows in table 13.
If we ignore the loop corrections to the DUY equations, we find that following relations
vol2 = 0 , vol15 = vol16 , vol4 + vol5 + vol12 = 0 , vol1 + vol3 + vol9 + vol16 = 0 , (86a)
vol10 = vol4 + vol11 + vol12 + vol16 , vol7 =
vol13 + vol14 + vol4 − vol9 − vol16
2
, (86b)
vol6 = vol11 , vol8 = vol14 , vol11 =
3vol13 + vol14 − vol4 − 2vol5 + vol9 − 3vol16
2
. (86c)
As the volumes need to be positive, the equations (86a) imply that all the nine volumes that occur
in these equations have to vanish simultaneously. The remaining equations in (86b) and (86c) express
that seven volumes can be made large simultaneously, and these volumes are functions of vol13 and
vol14. When loop corrections to the DUY equations are taken into account all volumes can be made
positive.
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θ1-sector θ2-sector θ3-sector
V1,11 ↔ T (1)1 V1,31 ↔ S8 V2,11 ↔ T (1)5 V2,31 ↔ T (1)9 V3,11 ↔ S31 V3,31 ↔ S45
V1,12 ↔ T (2)1 V1,32 ↔ V (1)1 V2,12 ↔ −T
(1)
5 V2,32 ↔ −T (1)9 V3,12 ↔ S35 V3,32 ↔ S49
V1,13 ↔ T (1)2 V1,33 ↔ S13 V2,13 ↔ T (1)6 V2,33 ↔ T (1)10 V3,13 ↔ T (2)9 V3,33 ↔ T (2)11
V1,14 ↔ T (1)2 V1,34 ↔ S16 V2,14 ↔ T (1)6 V2,34 ↔ T (1)10 V3,14 ↔ T (2)9 V3,34 ↔ T (2)11
V1,21 ↔ T (2)3 V1,41 ↔ V (1)2 V2,21 ↔ −T
(1)
7 V2,41 ↔ −T (1)11 V3,21 ↔ S37 V3,41 ↔ S51
V1,22 ↔ T (1)3 V1,42 ↔ S19 V2,22 ↔ T (1)7 V2,42 ↔ T (1)11 V3,22 ↔ S40 V3,42 ↔ S54
V1,23 ↔ T (1)4 V1,43 ↔ S22 V2,23 ↔ T (1)8 V2,43 ↔ T (1)12 V3,23 ↔ T (2)10 V3,43 ↔ T (2)12
V1,24 ↔ T (1)4 V1,44 ↔ S26 V2,24 ↔ T (1)8 V2,44 ↔ T (1)12 V3,24 ↔ T (2)10 V3,44 ↔ T (2)12
Table 15: Identification between the orbifold states and the line bundle vectors. The nomenclature
of the twisted states is summarized in table 11. The 4 vectors in the θ2-sector with a minus sign are
present in the six-dimensional theory but are projected out in four dimensions. The negative of these
vectors are present in four dimensions.
5.4 Matching with MSSM orbifold
Table 15 summarizes the identification between twisted orbifold states and line bundle vectors. As it
turns out, the states which are projected out in four dimensions have shifted momenta that are the
negatives of those that survive the projections. Hence this table shows that the present orbifold model
cannot be the blow-down model of the resolution model described in the previous section.
6 Conclusions
The main result of our paper is the construction of a smooth compactification of E8×E8 heterotic
supergravity producing a four dimensional model that contains the MSSM spectrum. The smooth
Calabi-Yau manifold is obtained by resolving the orbifold T 6/Z2×Z2 and we embed line bundles into
the E8×E8 gauge group in order to fulfill the Bianchi identity. Furthermore, this embedding is chosen
such that the first E8 factor is broken to an SU(5) GUT gauge group and we obtain six chiral matter
generations of 10+ 5. Both the T 6/Z2×Z2 orbifold and a large class of its resolutions admit a freely
acting Z2,free involution. The breaking of SU(5) to the standard model gauge group is achieved by
associating an appropriately chosen Wilson line to this involution. This allows for the GUT breaking
to happen at a scale different from the string scale, while the hypercharge remains non-anomalous and
therefore unbroken in the resolution model. Moreover, the involution halves the chiral GUT spectrum,
resulting in three generations of quarks and leptons.
Maybe the biggest surprise of this work is that there can be more massless chiral states on a
resolution than the orbifold spectrum can account for (after branching and Higgsing, induced by the
blow-up modes). This is remarkable because the orbifold is a point of enhanced symmetry in the moduli
space where one expects the massless spectrum to be the largest. The existence of the extra resolution
states seems to be intimately connected with the fact that the smooth Calabi-Yau resolution is not
unique. The different resolutions, corresponding to varying the triangulations of the 64 C3/Z2 × Z2
singularities, are related to each other via a web of flop transitions. During these transitions, parts of
the spectra (which are chiral only w.r.t. some anomalous U(1) factors) can jump. The flops occur when
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certain combinations of the twisted Ka¨hler moduli, corresponding to volumes of imaginable curves C,
change sign. In a simple toy model we can explain the disappearance of some states after a flop by
observing that possible instantonic mass terms of the schematic form exp(−Vol(C)) explode as soon as
one passes to a flopped geometry. As the novel states are discovered using a representation dependent
index theorem on the resolution, a truly string theoretical interpretation of these states is lacking as
far as we know. Fortunately, the chiral MSSM spectrum is unaffected by flop transitions, since it is
impossible to write down instantonic mass terms for any of the chiral MSSM states. However, the
Higgs sector might be sensitive to this.
The main findings discussed above are obtained from a number of interesting technical results:
• We give a complete characterization of the resolved T 6/Z2×Z2 space embedded in a large toric
variety. This has been achieved by viewing two-tori as elliptic curves, so that this orbifold can
be described as an algebraic hypersurface in a certain toric variety [46]. Combining this with
the knowledge about the non-compact toric resolutions of the local C3/Z2×Z2 singularities and
the topological gluing conditions (see e.g. [41, 57] and references therein) we obtain a complete
geometrical description. This construction in particular explains why the local compactifications
of resolved C3/Z2 × Z2 singularities using compact toric varieties based on certain “auxiliary
polyhedra” give the correct intersection numbers.
• A novel characterization of line bundles on the resolved orbifold is obtained in terms of the
scalings that define the resolved singularities as toric varieties. This allows us in particular to
re-obtain the matching between gauge fluxes on the resolved singularities and the embedding of
the orbifold action into the gauge degrees of freedom (as shifts and Wilson lines) in the singular
case.
• We show that the embedding of the 48 line bundles into the E8×E8 gauge group possesses the
same amount of information as the two shifts and six orbifold Wilson lines (up to lattice vectors)
that a heterotic T 6/Z2 × Z2 model can maximally be equipped with. The reason is that the
line bundle flux quantization conditions in any triangulation are equivalent to a universal set of
requirements. This set of conditions implies that the 48 line bundle vectors can be expressed
in terms of eight fundamental ones (up to lattice vectors), just like local orbifold gauge shift
vectors are determined by two shifts and six Wilson lines.
• The orbifold T 6/Z2 × Z2 × Z2,free can be constructed in two equivalent ways: Either one starts
from the orbifold T 6/Z2 × Z2 based on a factorizable torus T 6 and then mods out the Z2,free
action, or one first defines the non-factorizable torus Tnon = T
6/Z2,free which is subsequently
Z2 × Z2-orbifolded. Accordingly, there are also two equivalent ways of defining the resolved
geometry. To determine the spectrum on the resolution of Z2 × Z2 × Z2,free in the former
approach one needs to use the orbifold information telling us that the twisted chiral states are
identified pairwise. However, given that we find additional states on the resolutions it is not
clear whether we can make use of a similar identification for them as well. Therefore, chiral
spectra can only be reliably computed on the resolution when the resolved space is regarded as
Res(T 6non/Z2 × Z2).
• The exact CFT description of the heterotic T 6/Z2 × Z2 × Z2,free orbifold implies that modular
invariance consistency requirements have to be imposed on the freely acting Wilson line as well.
Therefore, it is important to note that the full orbifold partition function includes new twisted
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winding sectors involving the translation τ , i.e. with boundary conditions of the form (θi, τ).
These six dimensional states are localized in between the Z2 × Z2 fixed points in the directions
in which the θi rotation acts.
To conclude, let us mention one important issue which needs to be resolved in further studies.
The supergravity construction of the MSSM model on the resolution is strongly inspired by a specific
MSSM orbifold model. Nevertheless, we cannot state that the supergravity model is a “blow-up” of
the orbifold model. The matching is hampered by the fact that the gauge fluxes are identified with
the local orbifold action up to E8×E8 lattice elements. The latter are not irrelevant in orbifold model
building, since they map a model into a so-called “brother” model having the same gauge group but
possibly a different spectrum.5 This is reflected in the fact that the identification of line bundle vectors
with twisted blow-up modes seems to indicate that some of the blow-up modes are not part of the
four dimensional massless spectrum.
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A Two-torus as an elliptic curve
In this appendix we exploit some basic properties of Weierstrass functions that can be found in
textbooks like [58,59] which can be used to represent a two-torus as an elliptic curve.
The Weierstrass function P(z) is an even double periodic function
P(z + 1) = P(z + ρ) = P(z), (A.1)
i.e. a function on the two-torus T 2 = C/Λ with lattice Λ generated by 1 and the complex structure
ρ ∈ C. (In the main text we mostly take ρ = i for simplicity.) The Weierstrass function P(z) and its
derivative P ′(z) have pole expansions given by
P(z) = 1
z2
+
∑
ω∈Λ 6=0
{ 1
(z − ω)2 −
1
ω2
}
, P ′(z) = −2
∑
ω∈Λ
1
(z − ω)3 . (A.2)
The Weierstrass function satisfies the differential equation
P ′(z)2 = 4(P(z) − ε1)(P(z)− ε2)(P(z)− ε3). (A.3)
The three zeros ε1 = P(12 ), ε2 = P(ρ2 ) and ε3 = P(1+ρ2 ) of P ′(z) satisfy
ε1 + ε2 + ε3 = 0. (A.4)
5In this work we ignored the alternative description in which orbifold “brother” models are characterized by different
discrete torsion phases.
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Because of the differential equation (A.3) the Weierstrass function defines a mapping between a two-
torus and an elliptic curve in (u, y) ∈ C2
y2 = 4(u− ε1)(u− ε2)(u− ε3) (A.5)
via (u, y) = (P(z),P ′(z)).
The addition of two points z1 and z2 in T
2 leads to the sum formula
P(z1 + z2) = 1
4
(P ′(z1)− P ′(z2)
P(z1)− P(z2)
)2 −P(z1)− P(z2). (A.6)
The fact that the sum of the three roots ε1, ε2 and ε3 vanishes in (A.4) is a particular consequence of
this addition formula. The addition law for the derivative of the Weierstrass function can be cast in
the form
P ′(z1 + z2) = −1
4
(P ′(z1)− P ′(z2)
P(z1)− P(z2)
)3
+ 3
P ′(z1)− P ′(z2)
P(z1)− P(z2) P(z2) + P
′(z1)− 2P(z2). (A.7)
The image (u′, y′) = τ(u, y) of a point (u, y) on the elliptic curve under translation τ over ρ2 on T
2
can be computed using these addition formulae. Because ε2 = P(ρ2 ) is one on the roots of P ′(z) they
simplify considerably when taking z2 =
ρ
2 . For the factors in the elliptic equation (A.5) we find
u′ − ε1 = −ε1 − ε2
u− ε2 (u− ε3), u
′ − ε2 = (ε1 − ε2)(ε3 − ε2)
u− ε2 ,
u′ − ε3 = −ε3 − ε2
u− ε2 (u− ε1), y
′ = −(ε1 − ε2)(ε3 − ε2)
(u− ε2)2 y.
(A.8)
This shows in particular that (u′, y′) lies on the elliptic curve whenever (u, y) does.
It is possible to construct a linear realization of the τ -translation by extending the Weierstrass
function to a mapping T 2 → O(2;CP1). The homogeneous coordinates (u, v; y) of O(2;CP1) are
identified up to µ ∈ C∗ scalings given by
(u, v; y) ∼ (µu, µ v;µ2 y). (A.9)
This ensures that the mapping

z 7→ (P(z), 1;P ′(z)), away from lattice points,
0 7→ (1, 0; 0), at lattice points,
z 7→ (1, 1/P(z);P ′(z)/P2(z)), near lattice points,
(A.10)
is analytic on the whole torus including the lattice points. The translation τ can be represented on
the homogeneous coordinates as
(u, v; y)→ (u′, v′; y′) = τ(u, v; y) = (ε2 u+ (ε1ε3 + ε22)v, u− ε2v;−(ε1 − ε2)(ε3 − ε2)y) (A.11)
by making a C∗-scaling with µ = u− ε2 after the τ -translation (A.8) in local coordinates. Hence on
the homogeneous coordinates of CP1 the translation τ acts as matrix multiplication
U =
(
u
v
)
→ τ(U) =MτU, Mτ =
(
ε2 ε1ε3 + ε
2
2
1 −ε2
)
. (A.12)
44
In this representation it is straightforward to check (using (A.4)) that τ2 acts as a factor − detMτ =
(ε1 − ε2)(ε3 − ε2) times the identity on U and as (detMτ )2 on y. Hence, by a C∗-scaling with
µ = − detMτ we bring the homogeneous coordinates (u, v; y) back to themselves, i.e. τ2 acts as the
identity.
The elliptic equation can be written in terms of the homogeneous coordinates of O(2;CP1) as
y2 = 4
4∏
α=1
Nα · U (A.13)
where Nα are lying vectors given by N1 =
(
0 1
)
, N2 =
(
1 −ε2
)
, N3 =
(
1 −ε1
)
and N4 =
(
1 −ε3
)
.
It is not difficult to check that the τ action on them τ(Nα) = NαMτ leads to
τ(N1) = N2, τ(N3) = (ε2 − ε1)N4,
τ(N2) = (ε1 − ε2)(ε3 − ε2)N1, τ(N4) = (ε2 − ε3)N3.
(A.14)
This shows explicitly that the Z2 fixed points are mapped onto each other pairwise.
B Resolution of a non-factorizable torus orbifold
In the main part of the paper we have divided out the freely acting Z2,free involution more or less
by hand by saying that its net effect is halving the number of exceptional divisors. This procedure
was motivated by noting that on the orbifold the involution Z2,free merely leads to an identification of
twisted sectors. In this appendix we give more detailed arguments why this procedure is allowed.
Our arguments follow essentially two independent lines of reasoning which are summarized in
figure 5. The two approaches arise as we can either consider the factorizable torus T 6fac on which we
subsequently perform the Z2 × Z2 orbifolding, then the resolution procedure and finally apply the
Z2,free involution. This is the route followed in the main text since there we have always assumed that
the torus is factorizable. Alternatively, we note that applying the freely acting involution Z2,free to
the factorizable torus T 6fac leads to a non-factorizable one, called T
6
non. This non-factorizable torus can
be orbifolded under Z2 × Z2 and resolved subsequently. The fact that these two procedures result in
the same space is mathematically phrased by saying that the diagram in figure 5 commutes.
B.1 The freely acting involution on the factorizable orbifold and its resolution
In the first approach one starts with the results for the geometry of the factorizable orbifold T 6fac/Z2×Z2
and its resolution Res(T 6fac/Z2 × Z2) discussed at length in section 2. For concreteness we fix the
complex structure of the three two-tori that make up T 6fac to be i. This means that on the complex
coordinates z1, z2, z3 of the three two-tori the Z2,free acts as
τ : (z1, z2, z3) −→ (z1 + i/2, z2 + i/2, z3 + i/2) . (B.1)
This involution is modded out by identifying the images of fixed tori and fixed points, divisors and
intersections under the action of this involution. This procedure is therefore very similar to the con-
struction of standard non-prime orbifold resolutions where invariant divisor combinations are formed,
as discussed in [41]. All objects that are defined after applying the freely acting Z2,free involution are
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T 6fac
Z2×Z2−−−−−−−→ T 6fac/Z2 × Z2
resolution−−−−−−−−→ Res (T 6fac/Z2 × Z2)
Z2,free
y Z2,freey Z2,freey
T 6fac/Z2,free
Z2×Z2−−−−−−−→ (T 6fac/Z2 × Z2)/Z2,free
resolution−−−−−−−−→ Res ((T 6fac/Z2 × Z2)) /Z2,free∥∥∥ ∥∥∥ ∥∥∥
T 6non
Z2×Z2−−−−−−−→ T 6non/Z2 × Z2 resolution−−−−−−−−→ Res
(
T 6non/Z2 × Z2
)
Figure 5: This commutative diagram indicates different routes that lead to the resolution of the
T 6/Z2 × Z2 × Z2,free orbifold. The first column indicates that orbifolding a factorizable torus T 6fac
by the freely acting involution Z2,free can be thought of as a non-factorizable torus. The lower line
indicates that our procedure can be understood as the resolution of a Z2 × Z2 orbifold on a non-
factorizable lattice.
denoted by tildes on them, i.e. R˜i, etc. (Note that this convention is in a certain sense opposite to the
one of ref. [41].)
We begin with the inherited divisors. We represent the inherited divisors of Res(T 6fac/Z2 ×
Z2)/Z2,free as
R˜i := {zi = ci} ∪ {zi = −ci} ∪ {zi = ci + i/2} ∪ {zi = −c+ i/2} (B.2)
on the covering space T 6fac, i.e. we consider all the Z2 ×Z2 and Z2,free images of the defining equation
zi = ci. This means that if we think of the divisors R˜i in the covering space T
6
fac/Z2 × Z2 we have
R˜i = Ri(ci) +Ri(ci + i/2) ∼ 2 Ri . (B.3)
The first equality indicates that on this cover R˜i corresponds to two disjoint branches. In the second
step we used that the divisors Ri(ci) := {zi = ci} are so-called sliding divisors, so that we can
continuously change the value of ci + i/2 to become equal ci.
The triple intersection number of the inherited divisors are determined as follows. Since on the
covering space T 6fac each R˜i has four parallel branches, it follows that the divisors R˜1, R˜2 and R˜3
intersect in 43 = 64 points. To find the intersection number on Res(T 6fac/Z2 × Z2)/Z2,free we mod
out the finite groups Z2 × Z2 and Z2,free one after the other (or, according to figure 5, equivalently
simultaneously) which gives R˜1R˜2R˜3 = 64/2
3 = 8 . Notice that this intersection number is not the same
as the intersection number of the inherited divisors R1, R2 and R3 on the resolution of the factorizable
orbifold T 6fac/Z2 × Z2, see table 4. Nevertheless this result is compatible with the procedure outlined
in [41] resulting in their equation (4.9) provided one interprets the ni as the number of different images
of ci under the discrete group G.
This result for R˜1R˜2R˜3 is also obtained by taking Res(T
6
fac/Z2 × Z2) as the covering space of
Res(T 6fac/Z2 × Z2)/Z2,free. Indeed, given that one knows the intersection ring on the covering space,
one expresses all divisors in terms of those on this cover, then computes the intersection numbers
by using those on the cover, and finally divide the result by 2 (the order of Z2,free). Following this
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strategy one obtains
R˜1R˜2R˜3 =
23 · 2
2
= 8 , (B.4)
using that each R˜i ∼ 2 Ri and R1R2R3 = 2 on the cover. This method has an advantage over taking
T 6fac as the covering space as it can be applied to the ordinary and exceptional divisors in resolution
as well.
On Res(T 6fac/Z2 × Z2)/Z2,free we define the ordinary divisors
D˜i,1 := {zi = 0} ∪ {zi = i/2} , D˜i,3 := {zi = 1/2} ∪ {zi = 1/2 + i/2} , (B.5)
so that in terms of the ordinary divisors on the cover T 6fac/Z2 × Z2 (or its resolution) we have
D˜i,a = Di,a +Di,a+1 , a = 1, 3 . (B.6)
Following the strategy outlined above, the intersection numbers of the R˜’s with the D˜’s are computed
using those of the covering space Res(T 6fac/Z2 × Z2) resulting in
D˜i,aR˜jR˜k = 4 , D˜i,aD˜j,bR˜k = 0 , (B.7)
with i 6= j 6= k.
To understand the exceptional divisors on Res(T 6fac/Z2 ×Z2)/Z2,free we first consider the τ action
(B.1) for the Z2 ×Z2 fixed point labels α, β on the factorizable torus T 6fac. Given the labeling scheme
defined in table 2 we see that this mapping takes 1 ↔ 2 and 3 ↔ 4. This means that the number of
fixed points and consequently exceptional divisors is halved. On the space Res(T 6fac/Z2 × Z2)/Z2,free
only τ -invariant combinations survive. Therefore we define
E˜+k,ab := Ek,ab + Ek,(a+1)(b+1) , E˜
−
k,ab := Ek,(a+1)b + Ek,a(b+1) . (B.8)
Since these objects are both Z2,free-symmetric, they also exist on the resolution. Collectively we write
E˜ωk,ab where ω = ± and a, b = 1, 3. As the exceptional divisors are associated with fixed tori on the
resolution, this also fixes the labels of the fixed tori of the orbifold (T 6fac/Z2 × Z2)/Z2,free.
Before we get to the intersection numbers involving these exceptional divisors, we first note that
the exceptional divisors E˜ can only intersect in the 32 Z2 × Z2 fixed point resolutions. We label
these fixed points by (a, b, c; Ω) where Ω = (ω1, ω2, ω3) = {(+ + +), (+ − −), (− + −), (− − +)}, i.e.
there are no Z2 × Z2 fixed points with an odd number of minuses in Ω: Since intersections on the
cover Res(T 6fac/Z2 × Z2) are local, it follows that all intersections with three E˜− or with one E˜−
and two E˜+ are always all necessarily zero. (This can be verified easily by writing out these divisors
in terms of the exceptional divisors E on the cover Res(T 6fac/Z2 × Z2), since then independently of
the value of the intersection numbers of the E, one can never find compatible fixed point labels on
this cover.) From this one can determine the correspondence between the Z2 × Z2 fixed points of
Res(T 6fac/Z2 × Z2)/Z2,free and its cover Res(T 6fac/Z2 × Z2):
(a, b, c; + + +) ∼ {(a+ 1, b+ 1, c+ 1) ; (a, b, c)} ,
(a, b, c; + −−) ∼ {(a+ 1, b, c) ; (a, b + 1, c + 1)} ,
(a, b, c;− +−) ∼ {(a, b+ 1, c) ; (a+ 1, b, c + 1)} ,
(a, b, c;− −+) ∼ {(a, b, c + 1) ; (a+ 1, b+ 1, c)} .
(B.9)
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The intersection numbers involving these exceptional divisors on Res(T 6fac/Z2 × Z2)/Z2,free have
the following properties: To begin with, in the light of the above statement at the resolution of the
Z2 × Z2 fixed point (a, b, c; Ω) only the divisors
R˜i , D˜1,a , D˜2,b , D˜3,c , E˜
ω1
1,bc , E˜
ω2
2,ac , E˜
ω3
3,ab
are relevant. For them we have the following non-vanishing triangulation-independent intersections
numbers:
R˜3E˜
ω
3,abD˜1,a = R˜3E˜
ω
3,abD˜2,b = 2 , (B.10)
with ω = ±. As for the intersections R˜1R˜2R˜3 and D˜i,aR˜jR˜k, these intersection numbers are not equal
to those on Res(T 6fac/Z2 × Z2).
The intersections between D˜i,a and E˜
ω
k,ab depend on the triangulation chosen for this fixed point.
As locally the singularities of the factorizable and non-factorizable orbifolds are the same (C3/Z2 ×
Z2), their resolutions correspond to one of the four triangulations of the non-compact toric diagrams
depicted in figure 2. Hence from these diagrams one can immediately read off the corresponding
intersections. Consequently, contrary to the other non-vanishing intersection numbers discussed above,
these intersections are equal to those of Res(T 6fac/Z2 ×Z2). One can also compute these intersections
from the covering space Res(T 6fac/Z2 × Z2) using the expressions (B.6) and (B.8). The fixed point
(a, b, c; Ω) corresponds to two Z2 × Z2 fixed points on the cover, hence one should of course take
identical triangulations at both of them when preforming the computation in this way.
As usual from these fundamental intersection numbers we can compute all other (self-)intersection
numbers by exploiting the linear equivalence relations. In analogy to the factorizable blow-up (31) we
find
2D˜1,a ∼ R˜i −
∑
b=1,3
ω=±
E˜ω3,ab −
∑
c=1,3
ω=±
E˜ω2,ac , (B.11)
and analogous equations for D˜2,β and D˜3,γ . Using the matching equations (B.3), (B.6) and (B.8) we see
that the linear equivalence relations can also be deduced from the factorizable ones. Alternatively, one
can compute all other (self-)intersection by using these matching relations to compute them directly
from the intersections on the cover.
Next, let us discuss the Chern classes of Res(T 6fac/Z2 × Z2)/Z2,free. There are two ways to obtain
them: First, as we did in the factorizable case, we make the ansatz
cnon =
∏
D
(1 +D)nD ·
∏
E
(1 +E)nE ·
∏
R
(1 +R)nR . (B.12)
From the toric geometry construction of the local resolutions we know that nD = nE = 1. Furthermore,
nR was determined by requiring the cancellation of all R-divisors in c1 which is achieved here by setting
nR = −1. The other possibility is to take cfac as given in (35) and perform the identifications (B.3),
(B.6), and (B.8). In either case we get the same result: cnon1 = 0. The Euler number equals
χ
(
Res(T 6fac/Z2 × Z2)/Z2,free
)
= cnon3 = 48 , (B.13)
as expected in agreement with [60].
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Using these Chern classes we can also determine the topology of the inherited divisor R˜i. Its first
Chern class vanishes because c1(R˜i) = −R˜i, which gives zero when restricted to R˜i, as R˜2i S = 0 for
all divisors S. Its Euler number,
χ(R˜i) = c
non
2 R˜i = 24 , (B.14)
then tells us that we can interpret R˜i as a K3 surface. In the blow-down limit R˜i tends to the orbifold
T 4/Z2 which has 16 fixed points. From the perspective of the non-factorizable orbifold resolution
these fixed points arise from the 8 (and not 16) exceptional divisors E˜ωi,ab, each of which intersects R˜i
two times, see (B.10), resulting in the 16 Z2 fixed points on R˜i.
B.2 The non-factorizable torus approach
An alternative description of the T 6/Z2×Z2×Z2,free orbifold is based on the non-factorizable lattice
Γnon obtained from Γfac and τ with an ordinary Z2 × Z2 action.
The factorizable lattice Γfac is generated by the lattice vectors e1, . . . , e6. We can choose the non-
factorizable lattice Γnon to be spanned by the basis vectors e1, e3, e5 and two of three basis vectors
e2, e4, e6 augmented by τ , for example
e˜1 = e1 , e˜2 = e2 , e˜3 = e3 , e˜4 = e4 , e˜5 = e5 and e˜6 = τ . (B.15)
By making some appropriate permutations, sign flips and renormalizations of these basis vectors, we
can infer that the lattice Γnon is isomorphic to the root lattice of SU(4) × SU(2)3, and therefore the
new torus lattice is in particular non-factorizable. Using this lattice we can define a non-factorizable
torus T 6non = R
6/Γnon, hence by construction T
6
non = T
6
fac/Z2,free.
Even though the lattice has changed when working on the non-factorizable torus, the definitions
of the inherited divisors R˜i have not. The reason for this is that they are defined w.r.t. to the complex
structure that survives the Z2 × Z2 orbifolding. To see the consequence of this, we can define a
fundamental domain of the non-factorizable torus as
T 6non =
{ 3∑
i=1
x2i−1 e2i−1 + (x2 + y/2) e2 + (x4 + y/2) e4 + (y/2) e6 ; 0 ≤ xa, y < 1
}
, (B.16)
given the choice of basis vectors (B.15). The complex coordinates used in the definition of the inherited
divisors R˜i read
z1 = x1 + i (x2 + y/2) , z1 = x3 + i (x4 + y/2) , z3 = x5 + i (y/2) (B.17)
in this parameterization. This has the effect that with the choice of the fundamental domain defined
in (B.16), the divisors R˜1 and R˜2 consist of two full branches related to each other by a translation of
the lattice vector e˜6 = τ of the non-factorizable lattice. (Generically, one of the branches is subdivided
into two subbranches inside the fundamental domain). Contrary, the divisor R˜3 has a single branch.
This implies that on the non-factorizable torus the intersection R˜1R˜2R˜3 = 4 rather than 1 as it would
be on the factorizable torus. This situation is depicted in figure 6a.
From the non-factorizable torus T 6non we can obtain the orbifold T
6
non/Z2 × Z2 by the standard
orbifold procedure. The Z2×Z2 fixed points are then labeled by (a, b, c; Ω). Here a, b, c = 1, 3 indicate
the fixed point positions in the e1, e3, and e5 directions. Furthermore, Ω = (+++), (+−−), (−+−)
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(a) R˜i on the non-factorizable lattice (b) D˜i on the non-factorizable lattice (c) E˜
ω
i on the non-factorizable lattice
Figure 6: This figure depicts the positions of the inherited, ordinary, and exceptional divisors in the
orbifold limit in the fundamental domain (B.16) of the non-factorizable lattice. By comparing (B.2)
and (B.5), as well as by comparing (a) and (b), it is obvious that for fixed ci = 0 the “sliding” divisors
R˜i go over to the fixed D˜i. For the exceptional divisors, it should be noted that both E˜
+
3 and E˜
−
3
consist of two branches in the fundamental domain.
and (− − +) refer to the fixed points at the origin, at e2/2, at e4/2 and (e2 + e4)/2, respectively. In
figure 6c these four possibilities of Ω are the intersection points of the lines. The lines themselves
depict the positions of the exceptional divisors E˜ωi,ab in blow-down.
The intersection numbers of the divisors R˜i, D˜i,a and E
ω
i,bc can also be computed directly on the
resolution of T 6non/Z2 × Z2. Given the fundamental domain defined in (B.16), we see that R˜1 and R˜2
both have four branches inside this fundamental domain, while R˜3 has only two. Similarly, D˜1 and
D˜2 have two branches and D˜3 just a single one. From this we infer that
R˜1R˜2R˜3 =
42 · 2
4
= 8 , R˜1R˜3D˜3,c =
42 · 1
4
= 4 , R˜1D˜2,bR˜3 = D˜1,aR˜2R˜3 =
4 · 22
4
= 4 , (B.18)
because the order of the orbifold group is 22 = 4. For the intersections between R˜, D˜ and E˜ we note
that since in blow-down E˜ coincides with Z2 fixed lines, the effective orbifold order is two on these
intersections. Consequently we find that
R˜3E˜
ω
3,abD˜1,a = R˜3E˜
ω
3,abD˜2,b =
2 · 2
2
= 2 , R˜1E˜
ω
1,bcD˜2,b = R˜1E˜
ω
1,bcD˜3,c =
4 · 1
2
= 2 , (B.19)
etc. Here we have used in particular that both E˜ω1,bcD˜2,b and E˜
ω
1,bcD˜3,c have just a single branch in the
fundamental domain (B.16). Clearly, the intersections obtained here are the same as those obtained
in the previous subsection of this appendix.
B.3 Multiplicities on non-factorizable resolution
In order to build a supergravity model on the non-factorizable solutions we put Abelian fluxes on the
exceptional divisors, corresponding to the local shifts on the orbifold. The expansion of the internal
field strength reads
F =
∑
r
E˜rHr , Hr = V˜
I
r H
I , (B.20)
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where the sum runs over all exceptional divisors. (So that concretely we have H˜ωk,ab = V˜
ωI
k,abH
I .)
Inserting this and the Chern class into the multiplicity operator (46), we can integrate it over the
manifold using the intersection numbers. Concretely, using the “E1” triangulation at all 32 Z2 × Z2
local resolutions, the multiplicity operator reads
N˜“E1” =
∑
b,c=1,3
∑
ω=±
Hω1,bc −
1
3
∑
a,c=1,3
∑
ω=±
{
Hω2,ac − 4(Hω2,ac)3
}
− 1
3
∑
a,b=1,3
∑
ω=±
{
Hω3,ab − 4(Hω3,ab)3
}
−
∑
a,b,c=1,3
∑
Ω
Hω11,bc
{
(Hω22,ac)
2 + (Hω33,ab)
2
}
. (B.21)
It is this operator we have used for the computation of the MSSM model the non-factorizable reso-
lution in subsection 5. As before, the expression for the multiplicity operator is very sensitive to the
triangulation chosen. For example, in the symmetric triangulation we find
N˜“S” =
1
3
3∑
i=1
∑
a,b=1,3
∑
ω=±
{
2H˜ω3i,ab + H˜
ω
i,ab
}
+
∑
a,b,c=1,3
∑
Ω
H˜ω11,bcH˜
ω2
2,acH˜
ω3
3,ab (B.22)
− 1
2
∑
a,b,c=1,3
∑
Ω
{
[H˜ω22,ac+H˜
ω3
3,ab](H˜
ω1
1,bc)
2 + [H˜ω11,bc+H˜
ω3
3,ab](H˜
ω2
2,ac)
2 + [H˜ω11,bc+H˜
ω2
2,ac](H˜
ω3
3,ab)
2
}
.
Next we show that the values of the multiplicity operators Nnon on the non-factorizable resolution
and Nfac on the corresponding Z2,free-compatible factorizable resolutions are related as
Nfac = 2 Nnon. (B.23)
Consider the spectrum of a line bundle model with bundle vectors V ωk,ab, for a given triangulation
of the non-factorizable resolution. Then the Z2,free-compatible triangulation resolution has the same
local triangulation at the the fixed points which are identified under the Z2,free action. Moreover, the
flux identifications read:
Vk,ab = Vk,(a+1)(b+1) = V˜
+
k,ab , Vk,(a+1)b = Vk,a(b+1) = V˜
−
k,ab . (B.24)
in terms of the fluxes on the non-factorizable resolution. Inserting this in the multiplicity operator
Nfac on the corresponding Z2,free-compatible resolutions immediately gives the result.
C Linear dependence of the bundle vectors
In this appendix we show that of the 48 vectors that characterize the line bundle embedding in the
E8×E8 gauge group only eight are independent up to lattice vectors due to the flux quantization
conditions (63). More concretely, we show that any bundle vector Vk,ρσ can be expressed in terms
a linear combination of the following nine vectors V1,1i, V2,i1 and V3,1i. We call this fundamental set
of bundle vectors. As three vectors, V1,11, V2,11 and V3,11, are related via (64), the fundamental set
indeed only represents eight independent vectors.
First of all, (63b) with σ = 4 leads two expressions for Vk,44 given by
Vk,44 ∼= −
∑
i
Vk,4i and Vk,44 ∼= −
∑
i
Vk,i4 , (C.1)
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where the sum is over i = 1, 2, 3 and remember that ∼= means that the vectors are equal up to E8×E8
root lattice vectors. We can use (63b) again to express Vk,4i and Vk,i4 in terms of Vk,ij as
Vk,4i ∼= −
∑
i
Vk,ji , and Vk,i4 ∼= −
∑
i
Vk,ij . (C.2)
Summing either of these expressions over i shows that the two expressions for Vk,44 above are in fact
equal, and therefore do not lead to an additional consistency requirement. Note that this exhausts
all possibilities to use the relations (63b), because employing (63b) again will reintroduce the index 4.
Next, we use (63c) to rewrite vectors Vk,ij in terms of vectors that have at least one index equal to 1:
V1,ij ∼= −V2,1j − V3,1i , V2,ij ∼= −V1,1j − V3,i1 , V3,ij ∼= −V1,j1 − V2,i1 . (C.3)
The vectors V3,1i, V1,1j and V2,i1 are already in the set of fundamental vectors defined above. For the
other three we can use (63c) again to obtain
V2,1i ∼= −V1,1i − V3,11 , V3,i1 ∼= −V1,11 − V2,i1 , V1,i1 ∼= −V2,11 − V3,1i . (C.4)
By combining the various expressions obtained here one infers that all line bundle vectors can be
related to the fundamental set. Moreover, one can show that equations (63b) and (63c) do not give
further constraints on the fundamental set, because applying any of these equations to a vector of the
fundamental set takes us outside this set. Hence we have shown that the flux quantization conditions
imply that out of the 48 line bundle vectors only eight are independent (up to lattice vectors).
D Derivation of modular invariance for freely acting Wilson lines
In this appendix we investigate the necessary requirements to be imposed in order to be allowed to
mod out the freely acting Z2,free element in the CFT construction of orbifolds. Similar to the case of
the non-free shifts and Wilson lines, we obtain these requirements by considering the string partition
functions. Remember that θi leaves the i
th torus invariant, and that the torus lattice is taken to be
spanned by 1 and i. The boundary conditions for the bosonic and fermionic left- and right-movers are
Xi(z + 1) = e−2pii(p1ϕ1+p2ϕ2)Xi(z)− 2π[4(mi + ini) + 2(ai + ibi) + ic] ,
Xi(z − τ) = e−2pii(p1ϕ1+p2ϕ2)Xi(z)− 2π[4(mi + ini) + 2(ai + ibi) + ic] ,
ψi (z + 1) = e2pii(p1ϕ1+p2ϕ2+
s
2
)ψi(z) ,
ψi (z − τ) = e2pii(p1ϕ1+p2ϕ2+ s2 )ψi(z) ,
λIa (z + 1) = e
2pii( sa
2
+p1V1+p2V2+aiW2i−1+biW2i+cW )λIa(z) ,
λIa (z − τ) = e2pii(
sa
2
+p1V1+p2V2+aiW2i−1+biW2i+cW )λIa(z) ,
(D.1)
where p1, p1, p2, p2, ai, ai, bi, bi, c, c ∈ {0, 1}, mi,mi, ni, ni ∈ Z, and i ∈ {1, 2, 3}, where the twist and
shift vectors ϕi and Vi, and the Wilson lines Wi and W are defined as in subsection 5.1, as well as
the lattice translations. It is convenient to summarize the boundary conditions into the so-called local
orbifold shifts
ϕg = p1ϕ1 + p2ϕ2, Vg = p1v1 + p2V2 + aiW2i−1 + biW2i + cW . (D.2)
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The factors of the partition function due to the worldsheet fermions is subdivided into the partition
function of the left-movers Zλ and right-movers Zψ:
Zλ(a)
[
V
(a)
g
V
(a)
g
]
:=
1
2
∑
sa,sa
e−2pii
sa
2
e8·V (a)g θ
[
1−sa
2 e8 − V
(a)
g
1−sa
2 e8 − V
(a)
g
]
· η−8 , (D.3a)
Zψ
[
ϕg
ϕg
]
:=
1
2
∑
s
e−piissθ
[
1−s
2 e4 − ϕg
1−s
2 e4 − ϕg
]
· η−4 , (D.3b)
where s, s¯ label the spin structure and the index a labels the first and the second E8. Here we have
defined ek ≡ (1, 1, . . . , 1) to be a vector having k times the entry 1, and introduced theta functions:
θ
[
α
α
]
(z|τ) :=
∑
n∈ZN
e2piiτ
1
2
(n−α)2e2pii(z−α)·(n−α) , (D.4)
with vector valued characteristics α,α ∈ RN , and the Dedekind η-function
η(τ) := e2piiτ
1
24
∏
n≤1
(1− e2piiτn) . (D.5)
Here τ refers to the modular parameter of the worldsheet torus.
The partition function for the bosons is more involved, as we need to distinguish whether the θi’s
act trivially or not, and we can have different structures depending on the fact that a sector lives in
ten, six or four dimensions. Defining
Z0 :=
1√
τ2
1
|η(τ)|2 ,
ZX
[
α
α
]
:= Z0
∑
m,m
e
− 2pi
2α′τ2
|(4m+α)−(4m+α)(τ1+iτ2)|2 (D.6)
we can write
Z10DX = Z
2
0
3∏
i=1
ZX
[
2ai
2ai
]
ZX
[
2bi + c
2bi + c
]
, (D.7a)
Z6DX = Z
2
0ZX
[
2ai
2ai
]
ZX
[
2bi + c
2bi + c
]
∣∣∣∣∣η(τ)θ
[ 1−pi
2
1−p
2
]−1∣∣∣∣∣
2


2
, (D.7b)
Z4DX = Z
2
0
3∏
i=1
∣∣∣∣∣η(τ)θ
[ 1−pi
2
1−pi
2
]−1∣∣∣∣∣
2
, with p3 := (p1 + p2) mod 2 . (D.7c)
The complete partition function is then given by
Z =
∑
[g,g¯]=0
e2pii
1
2
{
ϕg·(ϕg−e4)−Vg·(Vg−e16)
}
Z∗ψZXZλ(1)Zλ(2) , (D.8)
where the sum runs over the 10D, the 6D, and the 4D sector of the theory.
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Figure 7: In this figure we show a string in the τ θ1 sector, i.e. a string closed up to the combined
action of τ and the orbifold rotation θ1.
We remark that besides the standard untwisted and θi-twisted sectors, there are also τ - and mixed
τ θi-twisted sectors. Given that τ and all mixed τ θi operators are freely acting, these sectors are
characterized by strings that are closed after a translation in the internal space. Thus, they have
non-zero winding number and their minimal mass is larger than the string scale, given that all the T 6
radii are chosen to be larger than the string length. For these reasons these sectors have no role in the
phenomenology of the obtained models. The new τ -twisted sector lives in ten dimendions, while the
τ θi-twisted states are localized in two of the three tori, given that the action of the mixed operators
τ θi is free only in the i-th torus, and has fixed points in the other tori. In figure 7 we show the
localization of the τ θ1 sector, by explicitely building a string that is closed upon the τ θ1 action.
Let us now investigate modular invariance. Using standard properties of theta functions with
vector valued characteristics, we find
θ
[
α
α
]
(τ + 2) η−d(τ + 2)= e−2pii(α
2+ d
12
)θ
[
α
α+ 2α
]
(τ) η−d(τ) . (D.9)
This can only be modular invariant if α contains at most order 2 elements. As Z2,free is an order 4
element, the partition function returns to itself up to phases only for τ → τ + 4 if c 6= 0. Applying
(D.9) to the fermionic partition functions (D.3), we get
Zλa(τ + 2) = e
−2pii(V 2g + 23 )Zλa(τ) , (D.10a)
Zψ(τ + 2) = e
−2pii(ϕ2g+ 13 )Zψ(τ) . (D.10b)
Equation (D.10a) follows when we assume that
e8 · V1 ≡ e8 · V2 ≡ e8 ·Wi ≡ 2e8 ·W ≡ (1− sa)/2e28 ≡ 0 , (D.11)
and (D.10b) when
e4 · ϕ1 ≡ e4 · ϕ2 ≡ (1− s)/2e24 ≡ 0 , (D.12)
where a ≡ b if a = bmod 1. These conditions are automatically fulfilled in any well defined T 6/Z2×Z2
orbifold, since they incorporate the requirement that the orbifold action has order 2 also on the
10D spinors of the original torus (equation D.10b), and on the spinorial representations of each E8
(equation D.10a).
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Now we can give the constraints on the complete partition function Z to be modular invariant.
In case c = 0 we obtain a modular invariance condition for τ → τ + 2, from substituting (D.10) into
(D.8), and using the notation of local shift (D.2) we may write
V 2g ≡ ϕ2g , (D.13)
when c = 0. However when c 6= 0 we have an order 4 element and therefore we find for τ → τ + 4 the
novel condition for c 6= 0:
2V 2g ≡ 2ϕ2g . (D.14)
As soon as equation D.13 is satisfied, and the identifications (76) are imposed, the novel condition can
be reduces to 2W 2 ≡ 0.
However, modular invariance is not the only quadratic constraint on shift vectors: In [38] it was
argued that one has to impose the condition
N¯
2
(V g · V g¯ − ϕg · ϕg¯) ≡ 0 , (D.15)
where N¯ is the order of action of the projecting space group element g¯. This condition can be
understood from the pre-factor phase exp
{
2πi12 (ϕg · ϕg − Vg · Vg)
}
in front of the complete partition
function (D.8): In order for the summing over the various p1, p2, ai, bi, c ∈ {0, 1}, mi, ni ∈ Z, and
i ∈ {1, 2, 3}, lead to the well-defined projections of appropriate order, the above condition needs to be
fulfilled. As the notation in (D.8) indicates, this condition only needs to be enforced when the space
group elements g and g¯ commute. The resulting conditions on the shifts Vi and Wilson lines Wp and
W that need to be fulfilled when combining the various consistency requirements are summarized in
subsection 5.1.
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